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An improved model for low viscous droplet breakage has been developed. Unlike the previous work that considered the
inertia subrange and adopted the assumption of binary breakage, this work considered the breakage of droplets in the
framework of the multiple fragments and the wide energy spectrum (i.e., including the dissipation range, the inertia sub-
range, and the energy containing range simultaneously). The previous interactions between the droplet and the sur-
rounding fluids have been considered through introducing the interaction forces. The effect of the surface deformation
and oscillation resulting from these interactions on the constraints of multiple breakages has been accounted for. These
factors have been neglected in the existing models. The wide energy spectrum distribution was found to have an impor-
tant effect on the nonmonotone evolution of breakage frequency with increasing parent droplet size. The cumulative vol-
ume fractions predicted by this work showed a better agreement with the experimental data. VC 2015 American Institute

of Chemical Engineers AIChE J, 61: 2147–2168, 2015
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Introduction

The breakage of fluid particles widely exists in multiphase
flow reactors or equipments, for example, mixing vessel,
extraction column, and distillation tower. The breakage proc-
esses of fluid particles usually determine the size distribution
of dispersed phase and interfacial area, and thus play a cru-
cial role in mass transfer, heat transfer, and the design of
chemical equipments. In past decades, many mathematical
models for fluid particle breakage were proposed, please see
the excellent reviews given by Lasheras et al.,1 Jakobson,2

Liao and Lucas,3 Marchetti and Svendsen,4 Solsvik et al.,5

and Zainal Abidin et al.6

Previous work on breakage models

Coulaloglou and Tavlarides7 defined the breakage fre-
quency of parent fluid particle of size d0 as a product of the
fraction particles breaking and the reciprocal time needed for
breakage. They obtained the total breakage frequency, that
is, b d0ð Þ ¼ C1e1=3d

22=3
0 exp½2C2r=ðqde

2=3d
5=3
0 Þ�. Here, C1

and C2 are empirical constants which need to be fitted from
the experimental data, and the two parameters were taken as
0.336 and 0.106, respectively, in their original paper. This
model exhibits a maximal breakage frequency when the par-
ent fluid particle size d0 increases. This nonmonotonic
behavior was considered to be questionable by several inves-
tigators.8,9 However, such a phenomenon has been observed

by the recent experimental results.10 Coulaloglou and Tavlar-
ides7 also proposed the daughter-size distribution (DSD)
function for population balance equation (PBE) that is,
2.4exp[24.5(2V/V021)2]/V0.

Prince and Blanch11 argued that the breakage frequency

density X(d0) can be written as the product of collision fre-

quency of arriving eddies and breakage efficiency. The

breakage efficiency can be viewed as the fraction of the

eddies with the kinetic energy larger than or equal to

the critical energy required for fluid particle breakage, that

is, exp ð2u2
c=u2

cÞ. Where uc was based on the critical Weber

number, and denotes the critical eddy velocity required for

breakage. The nonmonotonic behavior of the breakage fre-

quency density with increasing d0 can be exhibited by this

model. Notice that X(d0) was called breakage rate (denoted as

bi) in the original paper of Prince and Blanch,11 but its unit

seems different from b(d0) proposed by Coulaloglou and Tav-

larides.7 That is, the unit of X(d0) is 1/(m3 s) while the unit

of b(d0) is 1/s. Thus, X(d0) is called breakage frequency den-

sity (or breakage density according to the suggestion given by

Solsvik et al.5) in this work. In addition, the breakage fre-

quency b(d0) can be obtained from X(d0)/nd, nd is the number

of fluid particles per unit space volume.
Based on the relationship between surface restoring pres-

sure and turbulence fluctuation pressure produced by sur-
rounding fluid, Mart�ınez-Baz�an et al.12 proposed a breakage
frequency model for gas bubbles. They argued that gas bub-
bles could deform and break up when turbulent fluctuation
pressure is larger than surface restoring pressure. The break-
age frequency was proportional to the reciprocal of breakage
time.
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The breakage frequency b(d0) could be expressed as

C3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Du2 d0ð Þ212r=qcd0

q
/d0. Where C3 is an empirical con-

stant, and it was taken as 0.25 in their original paper.
Mart�ınez-Baz�an et al.12 assumed that the probability of forming
a certain pair of daughter bubbles should be proportional to the
product of excess stresses (Ds=b1qc (ed0)

2/3/2 2 6r/d0) corre-
sponding to each daughter bubble size. Based on this assump-
tion, a DSD function was proposed by them. They further
proposed that bubble broke into one daughter bubble and other
two identical daughter bubbles, and a model of DSD for ter-
nary breakage was obtained Ref. 13.

Luo and Svendsen14 defined the breakage frequency den-
sity X(d0) as the product of the collision frequency and the
breakage probability or efficiency. The breakage probability
was obtained from the turbulent kinetic energy distribution
and the critical energy criterion. They proposed that the
kinetic energy of arriving eddies should be equal to or
more than the increase of surface energy required for break-
age (i.e., e kð Þ � cf pd2

0, where cf ¼ f 2=3
v 1ð12fvÞ2=3

21Þ.
Lehr and Mewes,15 Lehr et al.,16 Wang et al.,17 Xing
et al.,18 and Zhao and Ge19 also established the breakage
frequency density model for bubbles. The breakage con-
straint in the model of Lehr and Mewes15 and Lehr et al.16

was based on the dynamic pressure criterion, which was
obtained from the force balance (i.e., qcu2

k=2 � c0r=d1,
where c0 is 115 or 216, d1 is the size of smaller daughter
fluid particle). Wang et al.17 proposed the criterion of com-
bining the dynamic pressure or capillary pressure and sur-
face energy increase. In their model, qcu2

k=2 � r=d1 was
used to determine fv, min, and e kð Þ � cf pd2

0 was used to
determine fv,max. They further assumed that fv obeys a uni-
form distribution in (fv,min, fv,max). The recent work of Xing
et al.18 considered the mechanism of internal flow redistrib-
ution for bubble/droplet. Zhao and Ge19 used the combining
criterion, that is, e kð Þ � max cf pd2

0 ; 2r=d1ð Þpk3=6
� �

.
The corresponding DSD functions have also been estab-

lished by Luo and Svendsen,14 Lehr and Mewes,15 Lehr
et al.,16 Wang et al.,17 Xing et al.,18 and Zhao and Ge,19

respectively. The DSD is U-shaped in the model of Luo and
Svendsen.14 The DSD given by the model of Luo and
Svendsen14 showed that the unequal-size breakage is most
likely. Nevertheless, the probability density predicted by this
model goes to infinite when the daughter-size fraction fv
tends to 0 or 1, this shortcoming was modified by Hage-
saether et al.20 The DSD given by the model of Lehr and
Mewes15 and Lehr et al.16 exhibits a log-normal distribution,
and the DSDs in both the models of Wang et al.17 and Zhao
and Ge19 are M-shaped.

These above breakage models usually assumed that d0

mainly falls in the inertia subrange and then the energy spec-
trum of inertia subrange (ESIS) was usually used to establish
the breakage model. However, according to the turbulence
theory, the width of inertia subrange usually depends on tur-
bulent dissipation rate and physical properties of fluids. This
indicates that it may not be assured that all the sizes of fluid
particles always fall in this range in many actual situations.
Therefore, the contribution of wide energy spectrum (i.e.,
including the energy containing range and the dissipation
range) to the breakage of droplets needs to be considered.

Previous work on breakage experiments

In turbulent dispersions, the processes of fluid particle
breakage are very complex. Therefore, the assumption of

binary breakage was often introduced to simplify the break-
age processes and establish the breakage model. However,
the experiments of single droplet breakage10,21,22 showed
that more than two daughter droplets may be formed after a
breakage. This phenomenon indicates that the multiple
breakage processes may need to be considered for droplets.
Several experimental works for droplets or bubbles breakage
will be briefly reviewed here.

Konno et al.23 used high-speed photography to observe

droplet breakage events in stirred tank. The dispersed phase

was a mixture of o-xylene and carbon tetrachloride, the con-

tinuous phase was distilled water. A small amount of

Na3PO4 was added to distilled water to prevent adhesion of

droplets to the wall of mixing apparatus. The fraction of dis-

persed phase was less than 0.2% in their experiments to

avoid coalescence among droplets. The parent droplet size

ranged from about 0.26–1.0 mm, and the mean number of

daughter droplets mainly ranged from 2 to 4.
Mart�ınez-Baz�an et al.12 performed bubble breakage experi-

ments in a fully developed turbulent flow. The turbulent dis-

sipation rate e ranged from about 20.0–2800 m2 s23. The

measured breakage frequencies exhibit an increase with

increasing e, and exhibit a decrease with increasing d0 in the

measured mean range of bubbles (i.e., about 1.67–2.75 mm).

Eastwood et al.24 extends the work of Mart�ınez-Baz�an

et al.12 to liquid–liquid system. Five different dispersed phases

were used in their experiments to study the effect of viscosity

of dispersed phase on droplet breakage. The experiments

showed that the droplets were deformed or elongated first,

and then formed a complex body before breakage.
In a relatively wide range of water flow velocities (i.e.,

4300<Re<10,600), Galinat et al.25 performed the experi-

ments of single heptanes droplet breakage in turbulent pipe

flow downstream of a restriction. The systems of heptane in

water and dyed heptane in water were studied in their

experiments. Galinat et al.25 found that the mean number of

daughter droplets after breakage mainly ranged from 2 to 4

when Weber number varied from about 20–40. Andersson

and Andersson21 performed the experiments of bubbles and

droplets breakage in turbulent pipe flows. They found that

the probability of binary breakage of bubbles is more than

about 95%, while the binary, ternary, and quaternary break-

ages of low viscous droplets mainly occur when turbulent

dissipation rate ranged from 3.7 to 16.3m2 s3. The experi-

ments showed that the droplets were considerably deformed

and elongated before breakage.
Zaccone et al.22 measured the DSDs for the breakages of

forming two, three, and four daughter droplets, respectively,
in a breakage cell. Maab and Kraume10 measured the break-
age frequency of single droplet (petroleum and toluene) in a
breakage cell. Both of the devices in the experiments of Zac-
cone et al.22 and Maab and Kraume10 were used to represent
the turbulent flow near the impeller blade. The multiple
breakage processes of droplets were observed in their experi-
ments through a high-speed camera. According to the pic-
tures of the trajectory of droplet given by Maab and
Kraume,10 the process of ternary breakage of low viscous
droplet could be decomposed as the following steps. The
parent droplet was first deformed and stretched (i.e., became
a very complex body), one daughter droplet was then split
from the complex body, and then the residual part of the
complex body broke into the second and third daughter drop-
lets after a very short time. The similar process of ternary
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breakage was also observed in the experiments of Galinat
et al.25 The experiments of Maab and Kraume10 further
showed that the breakage frequency increases to a maximum
and then decreases with increasing d0.

Purpose of this work

As seen from the above review, the assumption of binary
breakage for droplets seems too simple since it cannot fully
reflect the multiple breakage process. Furthermore, as men-
tioned before, the contribution of eddies to the breakage
needs to be considered in the wide energy spectrum range
(i.e., including the dissipation range, the inertia subrange and
the energy containing range simultaneously) since it may not
be assured that the sizes of droplets mainly fall in the inertia
subrange. Finally, the evolution of the breakage frequency
with droplet size needs to be investigated in depth since the
contrary trends were often obtained from different models of
breakage frequency even in the same conditions.

Therefore, it will be valuable to develop a novel or
improved breakage model of droplet to consider the above
aspects. Based on our previous work26 that considered the
main binary, ternary and quaternary breakages in the frame-
work of inertia subrange, this work aims to develop such an
improved multiple breakages model in the framework of
wide energy spectrum. The contribution of the previous
interactions between the droplet and the surrounding fluid to
the breakage will be considered through introducing the
interaction forces.

Model Development

The droplet breakage processes are usually very complex
in turbulent dispersions. Therefore, some assumptions and
representations are needed.

1. The breakage is mainly caused by turbulence.
In general, more than one breakage mechanism may exist

in turbulent dispersions, since a droplet is not only exposed
to a turbulent field but also subjected to internal viscous
force. However, we focus on the breakage of low viscous
droplet, and the viscous force could be neglected since the
Ohnesorge number is usually quite small.

2. The possible nonexchangeability among the sizes of
daughter droplets should depend on the processes of forming
them in a given breakage.

Hill and Ng27 argued that the integral of joint probability
function did not depend on the forming processes of daughter
solid particles as a whole, and treated all the volumes of the
daughter solid particles as exchangeable. It seems equivalent to
that all the daughter solid particles can be viewed as simultane-
ously formed by the same process. Diemer and Olson28 argued
that whether this treatment is suitable for droplets depends on
the breakage process since the breakage of solid particle is
essentially different from that of droplet. The experi-
ments21,23–25 have shown that the shape of droplet surface
varies with time. Although the accurate time of forming each
daughter droplet cannot be known from these experiments, we
might as well think that all the daughter droplets are unlikely
formed precisely at the same time in the case of ternary and
quaternary breakages. That is, the daughter droplets are order-
formed, and the constraints for the processes of forming each
daughter droplet in a given multiple breakage may be different.

3. Both small eddies (equal to and smaller than the size
of droplets) and large eddies (larger than the size of drop-
lets) contribute to breakage.

Although most of the existing models assumed that only
small eddies can cause breakage, the experiments showed
that the large scale deformations often occurred.21,24,29 Thus,
the contribution of large eddies to breakage may also need to
be considered. Based on inertial subrange spectrum, a mech-
anism for the breakage caused by large eddies was proposed
by Han et al.,26,30 this mechanism will be extended to multi-
ple breakages (i.e., the main binary, ternary, and quaternary
breakages) in the wide energy spectrum range.

4. The breakage frequency density and DSD can be repre-
sented as the functions about a general daughter-size fraction
fv or fd.

The DSD in terms of a general size fraction fv is usually
needed for PBE. Nevertheless, the breakages represented by
this general variable will include several different types of
breakages when parent droplet breaks into more than two
daughter droplets. This is because more than one size fraction
exists (i.e., fv,1, fv,2, etc.) and then at least one of these size frac-
tions equals to fv. Later on, we will consider the possible break-
age types with the general variable in detail.

Several turbulence parameters

To consider the multiple breakage process in the range
of wide energy spectrum, we need to estimate the mean
turbulent velocity �uk, the mean turbulent kinetic energy
�e(k) and the number density of eddies nk first. According to
Lamont and Scott,31 there is a proportional relationship
among the amplitude of turbulent velocity A, the wave
number k and the energy spectrum E(k), namely,
A�

ffiffiffiffiffiffiffiffiffiffiffiffi
kE kð Þ

p
. Furthermore, according to Luk and Lee,32

�uk/A. Therefore

�uk /
ffiffiffiffiffiffiffiffiffiffiffiffi
kE kð Þ

p
¼ C0

ffiffiffiffiffiffiffiffiffiffiffiffi
kE kð Þ

p
(1)

This relationship seems acceptable since the larger E(k) usu-
ally indicates the higher turbulent kinetic energy contained in
the eddies of given k, and �uk is thus higher. Based on the iso-
tropic turbulent theory, the energy spectrum in the inertial sub-
range can usually be approximately expressed as Ce2/3k25/3,
where C is the Kolmogorov constant. Substituting this expres-
sion to Eq. 1, we could obtain �uk/e1/3k21/3/e1/3k1/3. It is con-
sistent with that obtained from second-order velocity structure
functions.33,34 Notice that the universal �uk in the energy con-
taining range is still difficult to be obtained at present as the
accurate turbulent structure for this range is not fully clear.33 In
this work, the characteristic mean turbulent velocity in inertia
subrange is used to estimate the coefficient C0. Thus, C0 is esti-
mated as

ffiffiffi
2
p

2pð Þ1=3=
ffiffiffiffi
C
p

.
If the turbulent fluids could be viewed as a series of turbu-

lent eddies with certain volume, the mean turbulent kinetic
energy of eddies of wave number k could be represented by
ðqcu2

k=2Þpk3=6 . Substituting Eq. 1 and k=2p/k into this for-
mula, we can obtain

�e kð Þ ¼ 2

3
p4C2

0qc

E kð Þ
k2

(2)

The turbulent kinetic energy per unit mass contained in eddies
of wave number between k and k1dk can be expressed as

êk�k1dk ¼ qc 12adð Þ
ðk1dk

k

E kð Þdk (3)

where ad is the volume fraction of dispersed phase. If dk is a very
small value (e.g., it trends to zero), Eq. 3 can be expressed as
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êk�k1dk � qc 12adð ÞE kð Þdk (4)

In addition, the turbulent kinetic energy per unit mass con-
tained in eddies of wave number between k and k1dk could
also be obtained from ½ðqcu2

k=2Þp 2p=kð Þ3=6�nkdk. Thus, we
can obtain

nkqc

p
6

2p
k

� �3 �u2
k

2
dk ¼ qc 12adð ÞE kð Þdk (5)

Notice that nkdk could approximately denote the number
of turbulent eddies of wave number between k and k1dk
when dk is a very small value.

Substituting Eq. 1 into Eq. 5, the number density of turbu-
lent eddies of wave number k can be obtained as

nk ¼
3 12adð Þ
2p4C2

0

k2 (6)

As seen from 1 and 2, the energy spectrum function E(k)
needs to be given first before the turbulence parameters can
be used to establish the breakage model. To our knowledge,
only two wide energy spectrum models that contain the dis-
sipation range, the inertia subrange and the energy contain-
ing range can be found in the literature. The first is proposed
by Pope.33 According to Hinze,35 the second energy spec-
trum model could be obtained through combining the energy
spectrum from Kolmogorove scale to inertia subrange36 and
the energy spectrum from inertia subrange to energy contain-
ing range.37

The energy spectrum function proposed by Pope33 can be
written as

EðkÞ ¼ Ce2=3k25=3 kke

kkeð Þ21CL

h i1=2

8><
>:

9>=
>;

5=31P0

exp 2b2 kgð Þ41C4
g

h i1=4

1b2Cg

� � (7)

where, P0=2, b2=5.2, CL�6.78,Cg�0.40. Equation 7 can also
written as E(k)=Ce2/3k25/3fL fg. Where, fL and fg are specified
nondimensional functions. fL={kke/[(kke)

21CL]1/2}11/3, which
determines the spectrum shape of the energy containing
range, and tends to unity for large kke; fg ¼
expf2b2½ðkgÞ41C4

g�
1=4

1b2Cgg, which determines the spec-

trum shape of the dissipation range and tends to unity for
small kg. In the inertia subrange, both fL and fg are essen-
tially unity, so the Kolmogorov 25/3 spectrum with constant
C is recovered. Notice that the original value of the Kolmo-
gorov constant C given by Pope33 is 1.5, but it is adjusted as
1.62 based on the direct numerical simulation (DNS)38,39

and the experimental results of Sreenivasan.40

According to Hinze,35 the energy spectrum from Kolmo-
gorove scale to inertia subrange36 can be written as

E kð Þ ¼ em5
	 
1=4

1:61 kgð Þ25=3
12:5 kgð Þ21

h i
exp 22:41 kgð Þ4=3

22:5 kgð Þ2
h i (8)

And the energy spectrum from inertia subrange to energy-
containing range can be defined through Von-Karman
function37

E kð Þ ¼ 1:703u02ke kkeð Þ4

11 kkeð Þ2
h i17=6

(9)

The energy spectrum distributions predicted by the Pope’s
spectrum with C=1.62 (i.e., Eq. 7) and the second spectrum
(i.e., Eqs. 8 and 9) were shown in Figure 1. It can be seen
that the results predicted by the Pope’s spectrum show a bet-
ter agreement with the DNS results.39 Therefore, the Pope’s
spectrum with C=1.62 will be adopted to calculate the turbu-
lence parameters.

In addition, the mean size of containing-energy eddy ke

appearing in Eq. 7 should be determined first before the
wide energy spectrum can be used. The main method of esti-
mating ke is to measure Taylor microscale41 or device char-
acteristic size.42,43 According to the relationship between e
and E(k), however, Han et al.44 proposed an expression to
theoretically estimate ke, that is, e ¼ 2v

Ð kmax

kmin
k2E kð Þdk. When

hmin�0.01 (hmin=2pg/kmax, kmax could be taken as the diam-
eter of impeller or bubble column Dim), ke�82.43g. This
approximate relationship will also be used since the condi-
tion of hmin�0.01 (e.g., Dim>0.03m, e>0.25 m2 s23 and
v<1.1 3 1026 m2 s21) can be easily satisfied in low viscous
liquid–liquid systems mentioned later.

Notice that the recent work of Ghasempour et al.45 pre-
sented a new function of number density of eddies, that is,
nk/k24fLfg (or nk/k2fLfg) from the energy conservation (i.e.,
Eq. 5) and the energy spectrum function proposed by
Pope.33 They extended the mean turbulent velocity of eddies
�uk�a0(ek)1/3 to the entire energy spectrum (where a0 is a
constant independent of k). But this velocity distribution
may mean that the ratio of �uk to (ek)1/3 will be a constant
approximately in the entire size range of eddies. It seems
different from that predicted by DNS.34 When g is given, the
normalized second-order structure function (i.e., u2

k= ekð Þ2=3
)

predicted by DNS showed an obvious increase with increas-
ing eddy size in the dissipation range, while this normalized
structure function showed an obvious decrease with increas-
ing eddy size in the energy containing range. Thus, the num-
ber density function proposed by Ghasempour et al.45 may
need to be further tested although the large eddy simulation

Figure 1. Comparison of the results predicted by differ-
ent energy spectrum models with the results
of DNS.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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performed by them seems to support it. The ratio of �uk to
(ek)1/3 estimated by Eq. 1 can give the consistent evolution
trend with the DNS results. But as mentioned before, the
universal �uk in the energy containing range is still difficult to
be obtained at present. In this work, Eqs. 1 and 6 are
adopted to establish the breakage model.

Surface deformation and oscillation

The high-speed camera was used by many investigators to
observe the breakage processes of droplets or bub-
bles.10,21,23–25,29 According to those typical pictures of drop-
lets or bubbles breakage, droplets or bubbles may not be
spherical after entering the flow field due to the possible sur-
face deformation and oscillation.

Eastwood et al.24 found that the surface oscillation takes
place when the droplet begins to interact with the surround-
ing fluid. Nevertheless, the droplet does not break up at
once. After a succession of such interactions, the droplet is
fully deformed and the breakage occurs finally. The surface
oscillation of bubbles was observed by Risso and Fabre29 in
a turbulent flow field through high-speed camera. They con-
cluded that the oscillated bubble might accumulate the
energy of deformation when it interacted with those eddies
having no enough energy to cause immediate breakage.

As seen from these experimental observations, the contribu-
tion of surface oscillation to breakage needs to be considered.
However, most of the existing models neglected the surface
oscillation resulting from the previous collision or interaction
between a fluid particle and an eddy. That is, the initial shape of
parent fluid particle was usually assumed to be spherical. Han
et al.30 considered the effect of surface oscillation on the colli-
sion frequency between a droplet and an eddy through introduc-
ing a larger collision tube. Nevertheless, they assumed that the
oscillation approximately obeys a sinusoidal function (i.e.,
X=Axsin(2pt/T), X is the oscillating distance of surface). This
assumption seems too simple and cannot directly reflect the
interaction between the droplet and the surrounding fluid. In
addition, the effect of the oscillation on the breakage probability
(or breakage constraint) was not considered in their work.30

Based on the interaction forces between the droplet and
the surrounding fluid, the effects of surface tension force,
viscous force and turbulent fluctuation pressure on the sur-
face deformation of droplets were investigated by Clark.46

Clark46 proposed that the variation of the position of mass
center of the half droplet could be viewed as a vibration sys-
tem analogous to the translation mechanical system. That is,
the droplet could be viewed as two parts with half volume,
and then the two parts are linked by a spring. Based on this
mode, the equation of the dimensionless instantaneous dis-
tance (i.e., y(t)) of the mass centre of half oscillated droplet
from its original position could be obtained as

a1

d2y tð Þ
dt2

1a2

dy tð Þ
dt

1a3y tð Þ2Fp ¼ 0 (10)

where y(t)=y0(t)/r0, y0(t) denotes the deviation of mass center
from y0, and y0 is the original position of mass center. In
Eq. 10, a1 ¼ 0:5pr3

0qd, a2=9p3ldr0/8, a3=9p3r/8, Fp denotes
the turbulent fluctuation pressure. The first three terms on
the left hand of Eq. 10, from left to right, denote the inertia
force, viscous force, and surface tension force. In this work,
the viscous force could be neglected since the low viscosity

systems are studied. Fp could be written as r0qcu2
s according

to Clark.46

In this work, we assume that the distance (i.e., y0(t)) can
roughly denote the distance of oscillated surface from its
original position. That is, y(t)�d/r0. Where, r0 is the radius
of undeformed droplet, d is the surface oscillation distance.
Combining Eq. 10 and the initial condition of y(t)=0 at t=0,
we can obtain the solution to Eq. 10 as

y tð Þ ¼ a4sin
2p
T

t

� �
1

8r0qc �u2
s

9p3r
12cos

2p
T

t

� �� �
(11)

where, T is the period of surface oscillation
(= 4=3ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qdr3

0=r
p

), a4 is a constant, and �us denotes the mean
characteristic velocity of surface oscillation. Following Han
et al.,30 the mean oscillation velocity is assumed to equal to
the mean fluctuation velocity of the surrounding fluid. That
is, �us��u(d0). This assumption seems acceptable since the
clean surface of droplet may be fully driven by turbulent
fluctuations of the surrounding fluid. Here, �u(d0) can be
obtained from Eq. 1, and �us could be estimated from the fol-
lowing expression

�us �
4

T

ðT=4

0

dy’ tð Þ
dt

� �
dt (12)

Therefore, the mean surface oscillation distance of drop-
lets can be written as

�d ¼ �usT

2p
1 12

4

p

� �
8r2

0qc�u2
s

9p3r
(13)

As shown in Figure 2, (11�d/r0) predicted by Eq. 13 is
about 1.05–1.25 when d0=0.5–2.5 mm, e=3.7–16.4 m2 s23,
r=0.053 N m21, qc=1000 kg m23 and qd=750 kg m23,
while the experimental data of Andersson and Andersson21

is about 1.1–1.3. It indicates that the predicted results are in
reasonable agreement with the experimental data. Notice that
the specific range of d0 was not given in the experiment, but
the size of droplets was comparable to or close to 1.0 mm
according to the other paper of Andersson and Andersson.47

To consider the effect of surface oscillation resulting from
previous interactions between droplet and eddy on breakage,
we imagine that the mean shape of parent droplet caused by
this oscillation may become ellipsoidal. Such an ellipsoidal

Figure 2. The mean surface oscillation degree given by
Eq. 13 vs. d*. (d*=d0/Lp, Lp=(r/qc)3/5e22/5).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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droplet has a long semiaxis (i.e., b) and two short semiaxses
(i.e., a). Therefore, the surface area of the ellipsoidal droplet
can be expressed as

S ¼ 2pa2 11
f

2
ffiffiffiffiffiffiffiffiffi
f21
p 3

p
2

1arcsin
f22

f

� �� �� �
(14)

where, f=b2/a2, b=r01�d. According to the volume conserva-
tion (i.e., 4pr3

0=3 ¼ 4pa2b=3), a can be obtained as r0(11�d/
r0)21/2. Equation 14 will be used to establish the breakage
model through considering the effect of the mean shape of
parent droplet on the breakage constraints and the collision
or interaction frequency latter. In addition, the volume of
parent droplet will be denoted by pd3

0=6 in the following
text, d0 denotes the equivalent diameter of droplet.

Constraints of multiple breakages

Based on the framework of inertia subrange and the
assumption of binary breakage, the constraint of surface
energy density increase has been proposed by Han et al.30 In
this work, we will extend this constraint to multiple break-
ages in the framework of wide energy spectrum range.

As shown in Figure 3a, the surface energy density Dse,i of
daughter droplet i (i.e., surface energy per unit volume, Dse;i

¼ pd2
i r= pd3

i =6
	 


¼ 6r=diÞ will increase in comparison with
that of its equivalent volume in the parent droplet (i.e.,
Dse;0 ¼ Sr= pd3

0=6
	 


, S is the surface area of parent droplet),
since the volume of parent droplet is divided into several
fragments while the total volume is not changed after break-
age. Therefore, it may be expected that the energy density of
parent droplet obtained from turbulent eddy should be equal
to or more than the maximum of surface energy density
increases of all daughter droplets. That is

Dke � max DDse;1;DDse;2

	 

¼ max Dse;1;Dse;2

	 

2Dse;0 (15)

where Dke denotes the energy density of parent droplet,
Dke ¼ e d0ð Þ= pd3

i =6
	 


, e(d0) is the kinetic energy obtained
from turbulent eddy of parent droplet, di is the diameter of
daughter droplet i, DDse,i=Dse,i-Dse,0 (i=1, 2). Notice that,

most of the existing models assumed that the shape of
daughter droplets is spherical. This assumption is also
adopted in this work, but the full deformation of the inter-
mediates will be considered in the case of ternary and qua-
ternary breakages (please see Figures 3b,c). Furthermore, the
proposed constraint (i.e., Eq. 15) does not need to sum all
Dse,i like to the constraint of surface energy increase, since it
is based on the energy increase per unit volume. That is, if
Dke is equal to or more than the maximum of the density
increases, other DDse,i will also be satisfied.

In the literature, it was usually assumed that the kinetic
energy of turbulent eddy could be fully utilized by the drop-
let with clean surface, namely, e(k)�e(d0). Equation 15 can
be transformed into the following energy constraint

e kð Þ � pd2
0r max fv;1

21=3; 12fv;1
	 
21=3

h i
2Sd

n o
(16)

where Sd is a shape factor ¼ S= pd2
0r

	 
	 

, fv,1=(d1/d0)3, d1 is

the diameter of daughter droplet 1 shown in Figure 3a, and S
can be determined from Eq. 14.

According to the experimental studies,10,21,25 we propose
that the ternary breakage of droplet could be composed of
the following subprocesses (please see Figure 3b). That is,
the parent droplet experiences a fully deformation and elon-
gation first, then one part of the deformed and elongated
body is split and becomes daughter droplet of size d1 (i.e.,
the first subprocess), and the residual part of this body
(which is also called intermediate in this work) subsequently
breaks into two daughter droplets of sizes d2 and d3 (i.e., the
second subprocess). Applying the constraint of surface
energy density increase to ternary breakage, we can obtain

Dke � max Dse;1;Dse;In

	 

2Dse;0

� �
1 max Dse;2;Dse;3

	 

2Dse;In

� �
(17)

where Dse,In denotes the surface energy density of intermedi-
ate (its volume is denoted by pd3

ln=6, dIn is the equivalent
diameter of intermediate), the first and second terms on the
right-hand side of Eq. 17 denote the maximal surface energy
density increases of the first and second subprocesses,

Figure 3. Sketch of binary, ternary and quaternary breakages.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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respectively. Notice that the maximal surface energy density
increase of one breakage subprocess mainly contributes to
the critical energy required for the current subprocess. As
shown in Figure 3b, the ternary breakage is composed of the
two subprocesses. Thus, the critical energy required for ter-
nary breakage can be determined from the sum of the critical
energies of the two subprocesses, namely, the sum of the
maximal surface energy density increases of the two
subprocesses.

It should be noted that the second subprocess shown in
Figure 3b is different from the binary breakage process
shown in Figure 3a, although two daughter droplets are also
formed in the second subprocess. This is because the inter-
mediate (which is the original droplet in the second subpro-
cess) has been fully deformed, and thus it may be quite easy
to break up. In other word, the critical energy required for
the second subprocess may be much smaller than that
required for the binary breakage shown in Figure 3a, when
the volume of parent droplet and the volume of the interme-
diate are equal and the size fractions resulting from the two
different breakages are also equal.

Equation 17 can be transformed into the following energy
constraint

eðkÞ � pd2
0rffmax½ fv;121=3; ð12fv;1Þ21=3�2Sdg

1Ctfmax½fv;2
21=3; ð12fv;12fv;2Þ21=3�2ð12fv;1Þ21=3gg

(18)

where, Sd ¼ S= pd2
0r

	 

, fv,1=(d1/d0)3

, fv,2=(d2/d0)3.
According to the above discussion, the critical energy

determined by the surface energy density increase may be
markedly over-estimated if the full deformation of intermedi-
ate is not considered. Therefore, in Eq. 18, coefficient Ct is
introduced to consider the effect of this deformation. Ct is
placed in front of curly brace rather than (12fv,1)21/3 to
explicitly estimate the surface energy density increase
required for breakage. Notice that we can also introduce two
different unknown parameters to account for this effect on
the first and second subprocesses, respectively. However,
estimating an appropriate value of Ct can achieve this pur-
pose actually. In addition, it also could reduce the number of
unknown parameters. In general, Ct should be quite small
(i.e., Ct �1) due to the full deformation of intermediate.

For quaternary breakage, we propose that the breakage
could be divided into three subprocesses (please see Figure
3c). That is, after parent droplet becomes a complex body
with full deformation and elongation, the droplet first breaks
into a daughter droplet of size d1 and an intermediate of size
dIn,1 (i.e., the first subprocess), then the intermediate of size
dIn,1 breaks into a daughter droplet of size d2 and an inter-
mediate dIn,2 (i.e., the second subprocess), the intermediate
of size dIn,2 subsequently breaks into two daughter droplets
of sizes d3 and d4 (i.e., the third subprocess). Notice that
dIn,1 and dIn,2 are the equivalent diameters of intermediates.
Applying the constraint of surface energy density increase to
quaternary breakage, we can obtain

Dke � max Dse;1;Dse;In;1

	 

2Dse;0

� �
1 max Dse;2;Dse;In;2

	 

2Dse;In;1

� �
1 max Dse;3;Dse;4

	 

2Dse;In;2

� � (19)

where the first, second, and third terms on the right hand
side of Eq. 19 denote the maximal surface energy density

increases of the first, second and third subprocesses, respec-
tively. Although two daughter droplets are formed in the sec-
ond and third subprocesses shown in Figure 3c, these two
subprocesses are different from the binary breakage process
shown in Figure 3a due to the full deformation of the inter-
mediates. Therefore, coefficient Cq is introduced to account
for the effect of the deformation. Eq. 19 can be transformed
into the following energy constraint

e kð Þ � pd2
0rffmax½fv;121=3; ð12fv;1Þ21=3�2Sdg

1Cq½maxðfv;12
21=3; fv;2

21=3Þ2ð12fv;1Þ21=3

1maxðfv;3
21=3; fv;4

21=3Þ2fv;12
21=3�g

(20)

where, Sd ¼ S= pd2
0r

	 

, fv,12=12fv,12fv,2, fv,34=fv,31fv,4, and

fv,4=12fv,12fv,22fv,3.
Applying the surface energy increase to the binary, ter-

nary, and quaternary breakages, respectively, we can obtain
the following general energy constraint

e kð Þ � pd2
0r

Xn

i¼1

f
2=3
v;i 2Sd

 !
(21)

where, fv,n=12
Pn21

i¼1 fv;i, fv,i=(di/d0)3, i=1,. . ., n. n=2, 3, 4
denote the binary, ternary, and quaternary breakages,
respectively.

Combining the constraint of surface energy density
increase and the constraint of surface energy increase, the
final energy constraint for breakage can be written as

e kð Þ � max eD; eSð Þ (22)

where, eD denotes the critical energy determined by Eq. 16
or Eq. 18 or Eq. 20, eS denotes the critical energy deter-
mined by Eq. 21. Concretely, Eqs. 16 and 21 (where n=2)
are used for binary breakage, Eqs. 18 and 21 (where n=3)
are used for ternary breakage, and Eqs. 20 and 21 (where
n=4) are used for quaternary breakage. In addition, the criti-
cal energy required for forming n daughter droplets ecritical,n

will be used to denote the term on the righthand of Eq.
22.e., max(eD, eS)) in the following text.

It should be pointed out that Eqs. 16, 18, and 20222 are
only suitable to the case of small eddies (i.e., k�2p/d0). In
the next section, we will introduce the available energy eavai-

lable(k) to substitute e(k) appearing in these above equations
in the case of large eddies. This is because the large eddy
could carry the droplet (i.e., the droplet could be transported
in the eddy).48 Therefore, only the partial kinetic energy of
large eddy may be transferred to the droplet.

The available kinetic energy of large eddies

In this section, we will estimate the available kinetic
energy for the breakage provided by large eddy through the
turbulent velocity distribution in the eddy. An sinusoidal
velocity distribution proposed by Luk and Lee32 is adopted
here (i.e., u=Asin(pr/k)). Here, r is the distance from the
centroid of eddy, which ranges from 0 to k/2, A is velocity
magnitude in r direction (�p�uk/2), and �uk is the mean tur-
bulent velocity of eddy. This function describes a velocity
decrease from maximum to zero in the eddy, which was
also adopted by Han et al.49 as an origin to derive a gas-
liquid interface mass-transfer model based on wide spec-
trum eddy contact concept. The liquid-side mass-transfer
coefficient predicted by this model showed a good
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agreement with the reported experimental data under vari-
ous turbulence levels.

The mean turbulent velocity at a separate distance of d0 in
an eddy could be roughly estimated by �u=

Ð d0=2

0
udr= d0=2ð Þ.

Here, d0 is used to denote the equivalent distance when the
parent droplet is transported in the eddy. We assume that the
droplet surface is subjected to the turbulent fluctuation with
the mean velocity �u when the droplet is transported in the
eddy, and eavailable kð Þ=e kð Þ � u2=u2

k . Combining this approxi-
mate relationship, the above integral for obtaining �u and the
velocity distribution u=Asin(pr/k), we can obtain the avail-
able kinetic energy of eddy

eavailable kð Þ � 4
2p
kd0

� �2

sin4 kd0

8

� �
e kð Þ (23)

This estimation method seems reasonable since the avail-
able kinetic energy will be smaller than the total kinetic
energy contained in the large eddy. That is, eavailable(k)<e(k)
when k<2p/d0 (i.e., k>d0).

Breakage probability, collision, and interaction
frequency densities

Following the study on the breakage of fluid particle per-
formed by Luo and Svendsen,14 when a droplet of semiaxses
a and b interacts with an arriving eddy of wave number k,
the probability for the droplet to break into n daughter drop-
lets is assumed to equal to the probability of the arriving
eddy having a kinetic energy greater more than or equal to
the critical energy required for the droplet breakage. This
gives

P k; a; bð Þ ¼ 12

ð#c;n

0

exp 2#ð Þd# ¼ exp 2#c;n

	 

(24)

where #(=e(k)/�e(k)) is the dimensionless energy, #c,n(=ecritical,n/
�e(k)) is the critical dimensionless energy required for the
breakage of forming n daughter droplets, and ecritical,n can be
obtained from Eqs. 22 and 23.

In the case of small eddies (k�2p/d0), the collision fre-
quency density between an unoscillated fluid particle and an
eddy was proposed by Luo and Svendsen.14 In this work,
this frequency density is modified to account for the contri-
bution of surface oscillation of parent droplet to the break-
age. As shown in Figure 4, the collision tube formed by an
ellipsoidal droplet and an eddy has an elliptical cross section
(its area is approximately taken as pa0b0). Notice that the cir-
cular collision cross section is also likely, but its area (i.e.,
pa02) seems smaller than pa0b0. Thus, pa0b0 is adopted to cal-
culate the maximal area of collision cross section in this
work. Here, a0=a1k/2, b0=b1k/2, and k=2p/k.

The collision frequency density between an eddy of wave
number k and a droplet of size d0 (or semiaxses a and b) can
be expressed as Sab�uknknd. Where nk is the number density
of eddies of sizes between k and k1dk, nd is the number of
droplets per unit space volume, and Sab�pa0b0. Then, the
collision frequency density in the range of wide energy spec-
trum could be obtained as

-collision k; d0ð Þ � 3k5=2 12adð Þnd

2p3C0

a1
p
k


 �
b1

p
k


 � ffiffiffiffiffiffiffiffiffi
E kð Þ

p
(25)

where E(k) could be the wide energy spectrum function (i.e.,
Eq. 7). Notice that -collision(k, d0) and P(k, a, b) in Eq. 24

can also be expressed as -collision(k, a, b) and P(k, d0),
respectively, since both a and b are related to d0 (i.e.,
a=r0(11�d/r0)21/2, b= r0(11�d), r0=d0/2).

Nevertheless, Eq. 25 seems not suitable to the breakage
caused by large eddies (k<2p/d0) since the transport pro-
cess of droplet in a large eddy cannot be reflected by such
a collision. In general, this transport process may obviously
reduce the chance of droplet contacting with the eddies.
Thus, the interaction between a droplet and a large eddy
may mainly be controlled by this process. Andersson and
Andersson47 proposed an interaction frequency density
based on the concept of interaction volume per unit time
which was calculated from the ratio of droplet volume to
turnover time or lifetime of eddy. Han et al.30 considered
the effect of the transport time of droplet in an eddy since
it is quite likely that the transport time is smaller than the
lifetime of eddy. They estimated the interaction frequency
density between a droplet and a large eddy as V0nknd/
min(se, k/�u). Here, V0 is the equivalent volume of parent
droplet determined by pd3

0=6, se is the lifetime of eddy (it
approximately equals to k/�uk, �uk is determined by Eq. 1), nk

and �u are determined by Eq. 6 and
Ð d0=2

0
udr= d0=2ð Þ, respec-

tively. Notice that k/�u approximately denotes the transport
time.

Then, the interaction frequency density in terms of general
energy spectrum can be written as

-interaction k; d0ð Þ � 12adð Þk7=2d3
0nd

8p4C0

max 1;
4p
kd0

sin2 kd0

8

� �� � ffiffiffiffiffiffiffiffiffi
E kð Þ

p (26)

Breakage frequency densities of multiple breakages

The breakage frequency density of a droplet of size d0

caused by an eddy of wave number k (which is also called
partial breakage frequency density in this work) can be
obtained from the product of the breakage probability and
the collision or interaction frequency density. That is

Figure 4. Sketch of collision cross section between tur-
bulent eddy and deformed parent droplet.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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/n ¼
ðkmax

kmin

- k; d0ð ÞP k; a; bð Þdk (27)

where, n (=2, 3, 4) denotes the binary, ternary and quater-
nary breakages, respectively. P(k, a, b) is calculated by Eq.
24. In the case of small eddies (k�2p/d0), - (k, d0)=
-collision(k, d0)(i.e., Eq. 25). In the case of large eddies
(k<2p/d0), - (k, d0)= -interaction(k, d0) (i.e., Eq. 26).

For binary breakage, the partial breakage frequency den-
sity of droplet of volume V0 breaks into two daughter drop-
lets of sizes fvV0 and (12fv)V0 can be written as

u2 fv;V0ð Þ ¼ /2 (28)

where V0 is the volume of droplet with semiaxses a and b
(i.e., pd3

0=6 or 4pa2b/3), fv is a general variable and denotes
the size fraction(=(d/d0)3, d=d1 or d2 shown in Figure 3a).

Then, the overall breakage frequency density of droplet
for binary breakage can be obtained as

X2 V0ð Þ ¼
1

2

ð1

0

u2 fv;V0ð Þdfv (29)

where the factor 1/2 takes into account that all the breakages
will be counted twice when X2(V0) is calculated by integrat-
ing Eq. 29 over the range of fv;(0, 1). Notice that X2(V0)
can also be expressed as X2(a, b) since both a and b are
related to d0.

For ternary breakage, there are three daughter droplets of

sizes fv,1V0 (or d1), fv,2V0 (or d2), and fv,3V0 (or d3). The

daughter droplets of size fractions fv,1, fv,2 (or fv,3) seem stat-

istically distinguishable or nonexchangeable one another, as

the processes of forming them are different (please see Fig-

ure 3b). However, the daughter droplets of size fractions fv,2

and fv,3 are statistically indistinguishable or exchangeable

each other since they are formed simultaneously from the

same process. Thus, the breakages of forming three daughter

droplets, which are denoted by a general size fraction fv (=V/

V0), indicate three different types of breakages in which at

least one of the volumes of three daughter droplets equals to

V). Namely, fv,1=fv, fv,2=fv and fv,1=fv,2=fv. Notice that the

breakage type of fv,1=fv actually denotes that of fv,1=fv,

fv,26¼fv, and fv,36¼fv, the breakage type of fv,2=fv actually

denotes that of fv,2=fv, fv,16¼fv, and fv,36¼fv. For simplicity, the

terms of fv,i 6¼fv (i=1, 2, 3) are not given in form. This

method is also adopted to describe other types of break-

ages in this work, except for special statement. Neverthe-

less, the breakage type of fv,1=fv,2=fv can include the

equal-sized breakage event of fv,1=fv,2=fv,3=fv(=1/3). Here,

fv,3=12fv,12fv,2.
Then, the partial breakage frequency density for ternary

breakage can be obtained as

u3 fv;V0ð Þ ¼ 1

2

ð12fv

0

/3dfv;21

ð12fv

0

/3dfv;1 (30)

The first term on the right hand of Eq. 30 denotes the
breakage type of fv,1=fv, and the second term denotes the
breakage type of fv,2=fv. In the first term, when fv,1(=fv) is
given, fv,2 can vary in the range of (0, 12fv,1). While the
integrand /3 is symmetrical with fv,2=(12fv,1)/2 as the size
fractions of fv,2 and fv,3 are statistically indistinguishable or
exchangeable each other. For example, when fv,1=0.3, fv,2

can range from 0 to 0.7. The breakage denoted by fv,1=0.3,
fv,2=0.5, and fv,3=0.2 and the breakage denoted by fv,1=0.3,

fv,2=0.2, and fv,3=0.5 belong to the same breakage. Thus, the
factor 1/2 appears in the first term. Conversely, when
fv,2(=fv) is given and fv,1 varies in the range of (0, 12fv,2),
the integrand /3 is unsymmetrical with fv,1=(12fv,2)/2 since
the daughter droplets of sizes d1 and d3 are formed by differ-
ent processes (correspondingly, the breakage constraints for
forming the daughter droplets of sizes d1 and d3 are different
from each other) and thus the size fractions of fv,1 and fv,3

are distinguishable or nonexchangeable. For example, when
fv,2=0.4, fv,1 ranges from 0 to 0.6, the breakage denoted by
fv,2=0.4, fv,1=0.1, and fv,3=0.5 and the breakage denoted by
fv,2=0.4, fv,1=0.5, and fv,3=0.1 do not belong to the same
breakage. Thus, the factor 1/2 does not appear in the second
term. In addition, the breakage type of fv,1=fv,2=fv can be
included by the first term and the second term since fv,2 can
equal to fv in the first term and fv,1 also can equal to fv in
the second term. Thus, to avoid counting these types of
breakages repeatedly, the condition of fv,26¼fv in the first
term or fv,16¼fv in the second term needs to be satisfied.

The overall breakage frequency density for ternary break-
age can be obtained as

X3 V0ð Þ ¼
1

3

ð1

0

u3 fv;V0ð Þdfv (31)

where the factor 1/3 takes into account that the breakages
will be counted three times when X3(V0) is calculated by
integrating Eq. 30 over the range of fv;(0, 1). For example,
the breakage represented by fv (i.e., fv,1)=0.3 and fv, 2=0.6 in
the first term on the right hand of Eq. 30, and the breakage
represented by fv (i.e., fv,2)=0.6 and fv,1=0.3 in the second
term on the right hand of Eq. 30 are the same breakage.
Notice that when the second term on the right hand of Eq.
30 is integrated over the whole range of fv;(0, 1), the break-
ages represented by the second term will be counted twice.
For example, the breakage represented by fv (i.e., fv,2)=0.6
and fv,1=0.3, and the breakage represented by fv (i.e.,
fv,2)=0.1 and fv,1=0.3 are the same breakage since fv,2=0.6
(correspondingly, fv,3=0.1) an fv,2=0.1(correspondingly,
fv,3=0.6) actually correspond to the same breakage process
(please see Figure 3b). Therefore, the total breakages will be
counted three times in the range of fv;(0, 1).

It should be noted that the two integrals on the right hand

of Eq. 30 are necessary for obtaining u3(fv,V0). This is

because the definition of u3(fv,V0) is based on a given and
general daughter droplet size fraction fv, which is usually

required for DSD in PBE. As mentioned before, the break-

ages that are denoted by a given size fraction fv indicate that
at least one of the size fractions of three daughter droplets

equals to fv. Thus, three different types of breakages men-

tioned above need to be included and contribute to u3(fv,V0).
Notice that the condition of fv,26¼fv in the first integral of Eq.

30 or fv,16¼fv in the second integral of Eq. 30 is not necessary

for Eq. 31 when the overall breakage frequency density,
X3(V0), is calculated.

For quaternary breakage, there are four daughter droplets
of sizes fv,1V0 (or d1), fv,2V0 (or d2), fv,3V0 (or d3), and fv,4V0

(or d4). The size fractions of fv,3 and fv,4 are statistically
indistinguishable or exchangeable each other since the
daughter droplets of sizes d3 and d4 are formed simultane-
ously from the same process (please see Figure 3c). But, the
size fractions of fv,1, fv,2, and fv,3 seem statistically distin-
guishable or nonexchangeable one another since the proc-
esses of forming them are different. That is, the breakage
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constraints for forming the daughter droplets of sizes d1, d2,
and d3 are different from one another. Thus, the breakages
of forming four daughter droplets, which are denoted by a
given size fraction fv, indicate seven different types of break-
ages in which at least one of the size fractions of daughter
droplets equals to fv. Namely, fv,1=fv, fv,2=fv, fv,3=fv,
fv,1=fv,2=fv, fv,1=fv,3=fv, fv,2=fv,3=fv, and fv,1=fv,2=fv,3=fv.
Notice that the breakage type of fv,1=fv,2=fv,3=fv can include
the equal-sized breakage event of fv,1=fv,2=fv,3=fv,4=fv (=1/4).
Here, fv,4=12fv,12fv,22fv,3.

Then, the partial breakage frequency density for quater-
nary breakage can be obtained as

u4 fv;V0ð Þ ¼
X2

j¼1

ð12fv

0

ð12fv2fv;l

0

/4

2
dfv;hdfv;l

 !

1

ð12fv

0

ð12fv2fv;1

0

/4dfv;2dfv;1

(32)

where h=(j11)(42j)/2, l=11(j22)(j23)/2, j=1, 2. The sub-

scripts h and l obtained from Lagrange polynomial interpola-

tion method are introduced to make Eq. 32 into a general

form. The first term (j=1) on the right hand of Eq. 32

denotes the breakage type of fv,1=fv, the second term (j=2)

denotes the breakage type of fv,2=fv, and the third

term denotes the breakage type of fv,3=fv. Note that the

breakage types of fv,1=fv,2=fv, fv,1=fv,3=fv, fv,2=fv,3=fv, and

fv,1=fv,2=fv,3=fv can be included in Eq. 32. In addition, the

conditions of fv,16¼fv,26¼fv, fv,16¼fv,36¼fv in the first term, and

fv,26¼fv,36¼fv in the second term need to be satisfied to avoid

counting these types of breakages repeatedly.
In the first term (j=1), when fv,1(=fv) is given, fv,2 can vary

in the range of (0, 12fv,1) and fv,3 can vary in the range of

(0, 12fv,12fv,2). Similarly, in the second term (j=2), when

fv,2(=fv) is given, fv,1 varies in the range of (0, 12fv,2) and

fv,3 varies in the range of (0, 12fv,22fv,1). In these cases, the

integrand /4 is symmetrical with fv,3=(12fv,12fv,2)/2 since

the size fractions of fv,3 and fv,4 are exchangeable each other.

Thus, the factor 1/2 appears in the above two terms. Never-

theless, this factor does not appear in the third term. This is

because when fv,3(=fv) is given, fv,1 varies in the range of (0,

12fv,3) and fv,2 varies in the range of (0, 12fv,32fv,1), the

integrand /4 is unsymmetrical with fv,2=(12fv,32fv,1)/2. In

this case, the daughter droplets of sizes d1, d2, and d4 (or d3)

are formed by different processes (please see Figure 3c), and

the size fractions of fv,1, fv,2, and fv,4 (or fv,3) are statistically

nonexchangeable one another.
The overall breakage frequency density for quaternary

breakage can be obtained as

X4 V0ð Þ ¼
1

4

ð1

0

u4 fv;V0ð Þdfv (33)

where the factor 1/4 takes into account that the breakages
will be counted four times when X4(V0) is calculated through
integrating Eq. 32 over the range of fv;(0, 1). For example,
the breakage represented by fv (i.e., fv,1)=0.2 and fv, 2=0.3
and fv, 3=0.4 in the first term (j=1) on the right hand of Eq.
32, and the breakage represented by fv (i.e., fv,2)=0.3 & fv,

1=0.2 & fv,3=0.4 in the second term (j=2), and the breakage
represented by fv (i.e., fv,3)=0.4 & fv, 1=0.2 & fv, 2=0.3 in the
third term are the same breakage. Notice that the breakages
will be counted twice when the third term on the right hand
of Eq. 32 is integrated over the whole range of fv;(0, 1).

For example, the breakage represented by fv (i.e., fv,3)=0.4 &
fv, 1=0.2 & fv, 2=0.3, and the breakage represented by fv
(i.e., fv,3)=0.1 & fv,1=0.2 & fv,2=0.3 are the same breakage
since fv,3=0.4 & fv,4=0.1 and fv,4=0.1 & fv,3=0.4 correspond
to the same breakage process (please see Figure 3c). There-
fore, the overall breakages will be counted four times in the
range of fv;(0, 1). It should be noted that the three terms on
the right hand of Eq. 32 are necessary for obtaining
u4(fv,V0) due to the reason similar to ternary breakage. As
mentioned before, seven different types of breakages men-
tioned above need to be included and contribute to u4(fv,V0).

For the parallel-competing decomposition reactions, that
is, R!2C, R!3D, and R!4E, the overall reaction rate of R
can be represented by the sum of the rates of the three reac-
tions. Analogously, the overall breakage frequency density
of droplet for multiple breakages can be expressed as

X V0ð Þ ¼
X4

n¼2

Xn V0ð Þ (34)

where n=2, 3, 4.

DSD of multiple breakages

As mentioned before, the DSD in terms of a given and
general daughter-size fraction fv is usually needed for PBE.
Following the distribution function proposed by Luo and
Svendsen,14 the DSD probability density function for multi-
ple breakages can be written as

b fv;V0ð Þ ¼ w fv;V0ð Þð1

0

w fv;V0ð Þdfv

(35)

where, w(fv,V0) describes the breakages represented by a
given size fraction fv, which indicates that at least one of the
size fractions of the daughter droplets equals to fv. Thus,
there will be eleven different types of breakages contributing
to the probability density b(fv,V0) according to the analysis
mentioned before. Namely, one type for binary breakage
(fv=fv,1), three different types for ternary breakage, and seven
different types for quaternary breakage). In Eq. 35, w(fv,V0)
can be obtained from

P4
n¼2 un fv;V0ð Þ.

Results and Discussions

Estimation of deformation factors

In this work, deformation factors, Ct and Cq appearing in
Eqs. 18 and 20, need to be determined first. It should be
pointed out that the upper limit of Ct or Cq can be taken as
one in theory. But it means that there is no deformation of
intermediates, and then the second or the third subprocess
will be equivalent to a new binary breakage of parent droplet
shown in Figure 3a. In general, the values of them should be
quite small due to the full deformation of intermediates. The
shapes of intermediates seem very complex, and it is difficult
to obtain the accurate values of them. But we could estimate
them from experimental results. In this work, Ct and Cq will
be estimated from the breakage frequency.

Andersson and Andersson47 measured the breakage fre-
quency of dodecane droplets (r=0.053N m21, ld=1.5 mPa s,
qd=750 kg m23) in a fully developed turbulent flow. Their
experimental results showed that multiple breakages of low
viscous droplets often occur19 (i.e., the main binary, ternary
and quaternary breakages) when turbulent dissipation rate e
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equals to 8.5 m2 s23. It is found to be appropriate that Ct

and Cq are taken as about 0.039 and 0.11 for ternary and
quaternary breakages, respectively, through comparing the
predicted breakage frequencies by Eq. 34 (where kmax and
kmin are taken as 2p/g and 2p/(10d0), respectively) with the
experimental data of Andersson and Andsersson.47 Please
see the section of “Comparison with the experimental data
and other models: breakage frequency.” These two values
are close to the parameters proposed by Han et al.26 It
should be pointed out that the breakages of forming more
than four daughter droplets were also observed in the experi-
ment of Andersson and Andersson,21 but these breakages
have a nearly negligible contribution to the overall breakage
frequency as their frequencies are quite small. In the follow-
ing sections, we will compare the predicted breakage fre-
quencies and DSDs with other available experimental data to
test the ability of the proposed model (i.e., Eqs. 27–35) with
the two values applied to other low viscous liquid–liquid
systems.

Effect of integral limits

The effect of integral limits, kmin (i.e., 2p/kmax) and kmax

(i.e., 2p/kmin) appearing in Eq. 27, is tested in this section.
Figure 5 shows the specific breakage frequency b*(d0)
(=X(V0)/[(12ad)nd]) predicted by Eq. 34. As seen from Fig-
ure 5, the eddies of size larger than 10d0 almost do not con-
tribute to the overall breakage frequency. Thus, kmin could
be taken as 2p/(10d0). It is worth to be noted that the eddies
of size equal to and smaller than 3d0 contribute to most of
the overall breakage frequency. This trend could explain the
experimental findings of Andersson and Andersson.21 Their
experiments showed that the droplets are subject to large
scale deformations, that is, close in size to and up to three
times larger than the droplet, prior to breakage, and the sur-
face oscillation is obvious. It means that the contribution of
the large eddies and the surface oscillation needs to be con-
sidered. The reason why large eddies do not contribute much
to the overall breakage frequency is that the interaction fre-
quency density between eddy and droplet is very low (k7/2).

As shown in Figure 5, the eddies in the dissipation range
(i.e., the eddies of size smaller than about 11.4g) nearly do
not contribute to the overall breakage frequency in the con-
dition of d0=0.5–10 mm and e=8.5 m2 s23. This is because
E(k) in the dissipation range is much smaller than those in
other ranges (notice that droplets are obviously larger in size
than the eddies in this range at this time), which means that
there are no enough kinetic energies for eddies to break the
droplets. Therefore, the breakage frequency may be quite
small in the dissipation range. However, it should be noted
that the eddies of size smaller than 11.4g may also contrib-
ute to the overall breakage frequency in some operating con-
ditions since the sizes of droplets may fall in the dissipation
range. Thus, kmax appearing in Eq. 27 could be taken as
2p/g.

Effect of energy spectrum

The effect of energy spectrum E(k) on specific breakage
frequencies of droplets has been shown in Figures 6a,b. The
specific breakage frequency b*(d0) of droplets can be pre-
dicted by the proposed model (i.e., Eqs. 27–34) coupled with
the ESIS (i.e., E(k)=Ce2/3k25/3). This spectrum is used to
cover the energy containing range and the inertia subrange.
The integral upper limit kmax in Eq. 27 is 2p/(11.4g) when

the proposed model is coupled with ESIS. The results given
by ESIS exhibit a monotonic increase with increasing d0.
While, b*(d0) predicted by Eqs. 27–34 coupled with the
wide energy spectrum function (i.e., Eq. 7) exhibits a non-
monotone behavior with increasing d0. The similar nonmo-
notone trend has also been observed by experimental results
of Maab and Kraume.10 As shown in Figure 6a, the eddies
of size larger than 3d0 or less than 0.1d0 nearly do not con-
tribute to b*(d0) of droplets in the condition given in Figure
6a. It may indicate that the breakage of droplets is mainly
caused by the eddies of size comparable to or close to the
size of droplets. In addition, the critical diameter dc exhibits
a decrease when e increases. For example, dc is about 2.8
and 2.3 mm when e=10 and 20 m2 s23, respectively.

As seen from Figure 6b, the ratio of the breakage frequen-
cies predicted by Eq. 7 to the breakage frequencies predicted
by ESIS, that is, K, shows a nonmonotone evolution with
increasing parent droplet size d0. In addition, our calcula-
tions show that the range of d0 in which K is more than
about 0.7 will not be obviously changed when the density of
droplets and the surface tension are changed. Thus, the main
factor that contributes to this range of d0 is the turbulent dis-
sipation rate e in low viscous systems. According to Figure
6b, with the decreasing e, the range of d0 in which K is
more than about 0.7 is also narrowed. For example, when
e=100 m2 s23, d0=0.08–1.0 mm; while when e=50 m2 s23,
d0=0.10–1.0 mm; when e=20 m2 s23, d0=0.14–1.0 mm;
when e=5 m2 s23, d0=0.22–1.0 mm. The smaller e means the
narrower inertia subrange, and thus the difference between
the breakage frequencies predicted by Eq. 7 and ESIS will
be obvious gradually.

According to the difference between the wide energy
spectrum (i.e., Eq. 7) and ESIS (please see Figure 6c), the
nonmonotone behavior of breakage frequency will be
explained in the following text through the relative relation-
ship between the collision or interaction frequency density
and the breakage probability. Based on Eqs. 7 and 25, the
specific collision frequency density -*collision(k, d0) (i.e.,
-collision(k, d0)/[(12ad)nd]) is proportional to (a1p/
k)(b1p/k)k5/3(fLfg)1/2 when e is given, while for ESIS, -*col-

lision(k, d0) is proportional to (a1p/k)(b1p/k)k5/3. Thus, for
the eddies of size falling in the energy containing range,
-*collision(k, d0) predicted by Eq. 7 will be different from

Figure 5. The effect of integral limits on specific
breakage frequency.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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that predicted by ESIS. That is, the former will be smaller
than the latter since fL<1 in the energy containing range.
Figure 7a shows the examples for -*collision(k, d0) in the
energy containing range, the difference between the specific
collision frequency densities predicted by Eq. 7 and ESIS
seems to be larger when k decreases (or k increases). More-
over, the predicted -*collision(k, d0) increases with increasing
d0 when the size of eddy and e are given. It should be noted
that the evolution of the specific interaction frequency den-
sity of -*interaction(k, d0) (i.e., -interaction(k, d0)/[(12ad)nd])
with increasing d0 or decreasing k is similar to that of -*col-

lision(k, d0).
Conversely, as seen from Figure 7b, the breakage proba-

bility P(k, d0) decreases with increasing d0 when the size of

eddy and e are given, but P(k, d0) increases with decreasing
k (or increasing k) when d0 and e are given. Thus, as a
whole, the evolution of breakage frequency with increasing
d0 depends on the relative decrement of P(k, d0) and the rel-
ative increment of -*collision(k, d0) or -*interaction(k, d0).
When the increment of -*collision(k, d0) is smaller than the
decrement of P(k, d0) when d0 increases, b*(d0) increases
with d0; while when the former is larger than the latter,
b*(d0) decreases with d0. b*(d0) exhibits a maximum when
d0=dc (i.e., the critical diameter). The nonmonotone evolu-
tion of b*(d0) could attribute to the wide energy spectrum
distribution. The distribution of the wide energy spectrum
exhibits a nonmonotone behavior with decreasing k, which
can be seen from E(k)=Ce2/3k25/3fLfg. Here, both fL and fg
are approximately equal to or smaller than unity, fL
decreases with decreasing k in the energy containing range
and fg decreases with increasing k in the dissipation range.
This nonmonotone trend has an important influence on the
relative decrement of P(k, d0) and the relative increment of
-*collision(k, d0) or -*interaction(k, d0). For ESIS that exhibits
a monotone increase with decreasing k (it can seen from
E(k)=Ce2/3k25/3), the increment of -*collision(k, d0) or -*inter-

action(k, d0) will be always larger than the decrement of P(k,
d0), thus b*(d0) predicted by ESIS monotonously increases
with increasing d0, please see Figure 7. Notice that only the
binary breakage is discussed in Figure 7 since the similar
trend for the ternary and quaternary breakages can also be
obtained.

Figure 6. The effect of energy spectrum on specific
breakage frequency. (lc=0.001Pa�s,
qc=1000 kg m23).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 7. The effect of energy spectrum on collision
frequency and breakage probability (fv=0.2,
e=10 m2 s23, lc=0.001 Pa s, qc=1000 kg m23,
qd=870 kg m23, r=0.032 N m21).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Based on the proposed model framework (i.e., Eqs. 27–
35), the effect of energy spectrum on DSD is shown in Fig-
ure 8. As a whole, the DSD predicted by the proposed model
coupled with Eq. 7 nearly coincides with that predicted by
the proposed model coupled with ESIS in the condition of
d0=1.0 mm and e=20 m2 s23, while the DSD given by Eq. 7
exhibits a more flat distribution than that given by ESIS in
the condition of d0=0.5 mm and e=0.5 m2 s23. This is
because that the sizes of droplets (i.e., 1.0 and 0.5 mm) fall
in the inertia subrange and in the dissipation range, respec-
tively, in the condition of e=20 m2 s23 and e=0.5 m2 s23.
According to Figure 6c, the difference between Eq. 7 and
ESIS may be quite small near the inertia subrange and the
eddies of size comparable to or close to d0 may mainly con-
tribute to breakage. Thus, the sizes of these eddies are also
close to the inertia subrange and the difference between the
DSDs predicted by Eq. 7 and ESIS will be quite small.
When d0=0.5 mm and e=0.5 m2 s23, as seen from Figure 8,
the difference between the DSDs predicted by Eq. 7 and
ESIS seems obvious since the fair amount of the eddies that
mainly contribute to breakage will also fall in the dissipation
range.

As seen from Figure 8, the predicted DSD profile of
fv<0.5 is obviously higher than that of fv>0.5 due to the
contribution of multiple breakage events. The DSD is sym-
metrical about fv=0.5 for binary breakage process, while the
DSD is asymmetrical both for the ternary and quaternary
breakage processes, respectively. Namely, more small daugh-
ter droplets (fv<0.5) will be formed through the ternary and
quaternary breakage events. For example, there are two or
three daughter droplets (fv<0.5) are formed from a ternary
breakage event, while there are three or four daughter drop-
lets (fv<0.5) are formed from a quaternary breakage event.
Therefore, the higher profile of fv<0.5 will appear for the
multiple breakages. In the following text, the proposed
model will be always coupled with the wide energy spectrum
function (i.e., Eq. 7).

The relative number of breakages and DSD of each type
of breakages

The contributions of each type of breakages (i.e., binary,
ternary and quaternary breakages) to the overall breakages

can be evaluated from the relative breakage numbers, that is,
X2(V0)/X(V0), X3(V0)/X(V0), and X4(V0)/X(V0). The breakage
frequency density functions X2(V0), X3(V0), X4(V0), and
X(V0) can be calculated by Eqs. 29, 31, 33, and 34, respec-
tively. Figure 9 shows the comparison of the predicted relative
numbers and the experimental data. Maaß et al.50 performed
the single droplet breakage experiments in a breakage cell.
The cell seems to be the same device used by Maaß et al.10

The statistical significance of the analyzed data set was
always tested by cumulative averaging of the observed results
over the number of breakage events. Thus, the experimental
data in the case of the maximal recorded amount of breakage
events are chose to test the predicted values. That is, petro-
leum droplet of size 1.9 mm and toluene droplet of size
3.0 mm. In these conditions, the amount of the recorded
breakage events of each size was over 780, and the statistical
significance seems to be satisfied. In the experiments of Maaß
et al.,50 the pictures of the single droplet breakage event and
the resulting daughter droplets were taken with a high-speed
camera using a frame rate of 822 fps.

As seen from Figure 9, the measured values of petroleum
droplet of size 1.9 mm are very close to those of toluene
droplet of size 3.0 mm. That is, the relative numbers of
binary, ternary and quaternary breakages are about 0.74,
0.19, and 0.07, respectively, in the conditions shown in Fig-
ure 9. Note that the probability of breakages of forming

Figure 8. The effect of energy spectrum on DSD.(fv=V/
V0, r=0.002 N m21, qc=1000 kg m23,
qd=760 kg m23, lc=0.001 Pa s).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 9. Comparison of the predicted relative number
of breakages and the experimental data.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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more four daughter droplets is less than 0.02, and the
method for estimating the turbulent dissipation rate will be
given in the next section. The predicted results show an
agreement with the experimental trend. Andersson and
Andersson21 also measured the probabilities of binary, ter-
nary and quaternary breakages in turbulent flows. The rela-
tive numbers of binary, ternary and quaternary breakages are
about 0.49, 0.33, and 0.18, respectively, in the condition of
e=8.5 m2 s23 (the overall probability of binary, ternary, and
quaternary breakages is about 0.83). However, the amount of
investigated events was not given by them. Thus, whether
the statistical significance is satisfied is not known. In addi-
tion, the sizes of droplets were also not given. The experi-
mental results of the relative number of breakages are not
compared with the predicted results.

It should be pointed out that the measured data of the rela-
tive number of breakages seem to be related with the frame
rate of the used camera in some extent. Maaß et al.50 found
that the relative number of binary breakage events decreases
with the decreasing frame rate. For example, when the frame
rate decreases from 822 to 125 fps, the probability of binary
breakage decreases from 0.74 to 0.45. The frame rate of 125
fps may be too low since its time resolution is about 8 ms
while the arithmetic average breakage times of petroleum
droplet of 1.9 mm and toluene droplet of size 3.0 mm are
about 13.9 and 16.1 ms, respectively, in the experiments of
Maaß et al.50 with 822 fps. The time resolution of 822 fps is
about 1.2 ms.

To discuss the DSD separately for the binary, ternary and
quaternary breakages, the DSD probability density function
with respect to a general daughter size fraction fv (i.e., bn(fv,
V0)) is defined as follows

bn fv;V0ð Þ ¼ un fv;V0ð Þð1

0

un fv;V0ð Þdfv

(36)

where, n=2, 3, 4. bn(fv, V0) denotes the contribution of the
breakage events that at least one of the volumes of daughter
droplets equals to V(=fvV0). u2(fv, V0), u3(fv, V0), and u4(fv,
V0) are calculated by Eqs. 28, 30, and 32, respectively.

For ternary breakage (n=3) and quaternary breakage
(n=4), bn(fv, V0) can also be written as follows

bn fv;V0ð Þ ¼
Xn21

i¼1

bn; i fv; i ¼ fv;V0

	 

(37)

where, i=1, 2, 3, and

bn; i fv; i ¼ fv;V0

	 

¼

un; i fv; i ¼ fv;V0

	 

ð1

0

un fv;V0ð Þdfv

(38)

u3; 1 fv; 1 ¼ fv;V0

	 

¼ 1

2

ð12fv

0

/3dfv;2 (39)

u3; 2 fv; 2 ¼ fv;V0

	 

¼
ð12fv

0

/3dfv;1 (40)

u4; 1 fv; 1 ¼ fv;V0

	 

¼
ð12fv

0

ð12fv2fv;2

0

/4

2
dfv;3dfv;2 (41)

u4; 2 fv; 2 ¼ fv;V0

	 

¼
ð12fv

0

ð12fv2fv;1

0

/4

2
dfv;3dfv;1 (42)

u4; 3 fv; 3 ¼ fv;V0

	 

¼
ð12fv

0

ð12fv2fv;1

0

/4dfv;2dfv;1 (43)

Figure 10a shows b2(fv, V0), b3(fv, V0), and b4(fv, V0). It
can be seen that the probability of equal-sized breakage is
the maximal for binary breakage of droplet, while the
unequal-sized breakage is the most possible in the cases of
ternary and quaternary breakages. Note that b3(fv, V0)
reaches a peak value when fv is about 0.34 for ternary break-
age. But it may not indicate that the probability of forming
three daughter droplets of similar sizes (i.e., fv,1=0.34,
fv,2=0.34, and fv,3=0.32) is the maximal. This is because

Figure 10. bn(fv, d0) or bn,i (fv,i=fv, d0) vs. fv.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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three different types of breakages contribute to the peak
value of b3(fv, V0). That is, fv,1=0.34, fv,2=0.34, and fv,1=0.34
& fv,2=0.34. When fv,1=0.34, fv,2 can vary from 0 to 0.66,
and when fv,2=0.34, fv,1 can also vary from 0 to 0.66. Thus,
there are many other possible events in the first and second
breakage types contributing to the peak value. The breakage
of fv,1=0.34, fv,2=0.34, and fv,3=0.32 is only one type of the
possible events contributing to this peak value.

The most possible breakages in the case of ternary break-
age can be evaluated from the breakages represented by the
most possible size fractions of daughter droplets of sizes d1

and d2 shown in Figure 3b according to the peak values of
b3,1(fv,1=fv, V0) and b3,2(fv,2=fv, V0). It can be seen from Fig-
ure 10b that b3,1(fv,1=fv, V0) has a maximum when
fv(=fv,1)�0.42. It means that the probability of forming
daughter droplet of size fraction fv,1�0.42 is the maximal.
On the other hand, b3,2(fv,2=fv, V0) has a maximum when fv
(=fv,2)�0.08. That is, the probability of forming daughter
droplet of size fraction fv,2�0.08 is the maximal. Thus, as a
whole, the probability of the breakages denoted by fv,1�0.42,
fv,2�0.08, and fv,3�0.5, namely, the probability of forming
two daughter droplets of comparable sizes and one daughter
droplet of small size, is the maximal for ternary breakage of
low viscous droplets.

As seen from Figure 10a, b4(fv, V0) has a peak value
when fv is about 0.08. This peak value seems not to directly
account for the most possible breakages as there are seven

different breakage types contributing to this peak value. The
possible breakages in quaternary case can be evaluated from
the breakages represented by the possible size fractions of
daughter droplets of d1, d2, and d3 according to the peak val-
ues of b4,1(fv,1=fv, V0), b4,2(fv,2=fv, V0), and b4,3(fv,3=fv, V0).
It can be seen from Figure 10c that b4,1(fv,1=fv, V0) has a
maximum when fv (=fv,1)�0.42, b4,2(fv,2=fv, V0) has a maxi-
mum when fv (=fv,2)�0.09, b4,3(fv,3=fv, V0) has a maximum
when fv (=fv,3)�0.06. Thus, as a whole, the probability of
the breakages denoted by fv,1�0.42, & fv,2�0.09, and
fv,3�0.06 & fv,4�0.43, namely, the probability of forming
two daughter droplets of comparable sizes and two daughter
droplets of small sizes, seems to be the maximal for quater-
nary breakage of low viscous droplets.

Comparison with the experimental data and other
models: Breakage frequency

As shown in Figures 11a,b, the breakage frequencies predicted
by the models of Coulaloglou and Tavlarides7 and Mart�ınez-
Baz�an et al.12 exhibit a nonmonotonic trend with increasing d0,
while the breakage frequencies predicted by the models of Luo
and Svendsen,14 Lehr et al.,16 and Han et al.26 monotonously
increase with d0. The breakage frequencies predicted by the
model of Han et al.26 can give a good agreement with the experi-
mental data when d0 is smaller than about 1.0 mm, however, it
predicts the much higher breakage frequencies than the

Figure 11. Comparison of the results predicted by different breakage frequency models and the experimental data.

(a) Dodecane water system (e=8.5m2 s23, lc=0.001 Pa s, ld=0.0015 Pa s, qc=1000 kg m23, qd=750 kg m23, r=0.053 N m21,

Oh<0.01, hmin<0.01); (b) petroleum water system (e=20m2 s23, lc=0.001 Pa s, ld=0.00065 Pa s, qc=1000 kg m23, qd=790 kg m23,

r=0.0385 N m21, Oh<0.005, hmin<0.0012); (c) silicone oil water system (d0=1.92 mm, lc=0.001 Pa s, ld=0.0052 Pa s, qc=1000 kg

m23, qd=918 kg m23, r=0.033 N m21, Oh<0.02, hmin<0.00012); and (d) silicone oil water system (d0=1.93 mm, lc=0.001 Pa s,

ld=0.0097 Pa s, qc=1000 kg m23, qd=936 kg m23, r=0.035 N m21, Oh<0.04, hmin<0.00012). [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.com.]
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experimental data when d0 is larger than about 1.0 mm. The
model proposed by Coulaloglou and Tavlarides7 has been widely
used to predict droplet breakage in liquid–liquid system, and the
values of two unknown model parameters given by them were
also used in this work (i.e., C1=0.336, C2=0.106). The models of
Luo and Svendsen14 and Mart�ınez-Baz�an et al.12 seem to overes-
timate the breakage frequencies as a whole. Furthermore, the
breakage will not occur according to the model of Mart�ınez-
Baz�an et al.12 (i.e., the breakage frequency will be negative)
when d0 is smaller than about 1.5 mm in Figure 11a or smaller
than about 0.85 mm in Figure 11b. It should be pointed out that
the volume fraction ad of dispersed phase appearing in Eqs. 25
and 26 is neglected since ad is very low in the case of the single
droplet experiments.

In Figure 11a, the experimental data of Andersson and Ander-
sson47 were measured from a fully developed turbulent flow,
where the breakage experiments of dodecane droplets of size
smaller than about 1.0 mm were performed in the condition of
e=8.5 m2 s23. Maab and Kraume10 also measured the breakage
frequencies in a breakage cell. As mentioned before, this cell
was used to represent the turbulent flow near the impeller blade.
It should be noted that the turbulent dissipation rate in their
experiments was not given, which could be estimated from the
relationship, ei � 4:0N2

imD2
im. Here, ei is mean turbulent dissipa-

tion rate near the impeller blade, Nim is the speed of impeller
and Dim is the diameter of impeller. This relationship was esti-
mated by Han et al.44 according to the experimental studies of
Escudi�e and Lin�e51 and Baldi and Yianneskis,52 then
ei�20.0 m2 s23. Maab and Kraume10 proposed a b-distribution
of breakage time to remove the effect of high circulation time
caused by the process of large eddies catching droplets. How-
ever, the arithmetic mean of breakage time was still used to cal-
culate the breakage frequency in this work, since the effect of
large eddies on breakage has been considered in the proposed
model. As seen from Figures 9a,b, the experimental data of
Andersson and Andersson47 showed that the breakage frequency
increases with increasing d0 when d0 is smaller than about
1.0mm. This trend was also shown by the experimental data of
Maab and Kraume.10 But Maab and Kraume10 further found
that the breakage frequency increases to a maximum and then
decreases with increasing d0. As a whole, the proposed model
(i.e., Eqs. 27–34 coupled with Eq. 7) gives a reasonable agree-
ment with the experimental data since this model considers the
effect of the wide energy spectrum distribution.

As seen from Figures 11c,d, the breakage frequencies pre-
dicted by the above breakage models exhibit a monotone
increase with turbulent dissipation rate e. Nevertheless, the
models of Coulaloglou and Tavlarides7 and Mart�ınez-Baz�an
et al.12 seem to underestimate the breakage frequencies as a
whole, and the models of Luo and Svendsen,14 Lehr et al.,16

and Han et al.26 obviously overestimate the breakage fre-
quencies. The results predicted by the proposed model show
a better agreement with the experimental data of Eastwood
et al.24 (in which, ad was about 0.2–1.2%) in comparison
with those predicted by other models as a whole. Notice that
the breakage frequencies predicted by the model of Prince
and Blanch11 are not shown in Figure 9 since these results
are much higher than the experimental data.

Comparison with the experimental data and other
models: DSD

Zaccone et al.22 measured the diameter-based DSDs for
binary, ternary, and quaternary breakages of petroleum drop-

lets in a breakage cell. It should be pointed out that the break-
age cell and the operating conditions in both of the
experiments of Zaccone et al.22 and Maaß and Kraume10

seem to be the same. Thus, the mean turbulent dissipation
rate near impeller blade will be used for the simulation of
DSD. Zaccone et al.22 recorded large numbers of single drop-
let breakage events, and then assigned the recorded diameters
of all the daughter droplets after each breakage to the corre-
sponding size intervals, where the region of (0, d0) was
divided into many equal intervals. To make the predicted dis-
tributions comparable with the experimental data, the follow-
ing dimensionless diameter-based DSD function is defined

bn fd; d0ð Þ ¼ bn fd; d0ð Þð1

0

bn fd; d0ð Þdfd

(44)

where n=2, 3, 4, fd=d/d0, bn(fd, d0) is diameter-based function
representing the breakage in which at least one of size fractions
of the daughter droplets equals to fd. bn(fd, d0) is calculated
from volume-based function of un(fv, V0), but the integrals are
about fd and all the variables of fv and fv, j (j=1, 2, 3, l) appear-
ing in the integrand of /n are substituted by f 3

d and f 3
d;j, and

the integral upper limits of 12fv and 12fv2fv,l are substituted
by ð12f 3

d Þ
1=3

and ð12f 3
d 2f 3

d;lÞ
1=3

, respectively. The factor 1/2
appearing in un(fv, V0) is not included in bn(fd, d0) as b2(fd,
d0), b3(fd, d0), and b4(fd, d0) are unsymmetrical with a certain
fd when fd ranges from 0 to 1. The function bn(fd, d0) represents
the probability density for formation of droplets within the
interval between fd and fd1dfd. The volume-based function of
Luo and Svendsen14 could be transformed into the diameter-
based type using the method similar to Eq. 44.

In the literature, there are several DSD models for binary,
ternary and quaternary breakages, respectively. The model of
Coulaloglou and Tavlarides,7 Luo and Svendsen,14 and
Mart�ınez-Baz�an et al.13 can predict DSD of binary breakage,
the DSD of ternary breakage can be predicted by the model
of Konno et al.23 and Mart�ınez-Baz�an et al.13 The model of
Diemer and Olson28 containing an unknown parameter q can
be used to predict the DSD of binary, ternary and quaternary
breakages, simultaneously. To make the profile trend of
diameter-based DSD similar to that of volume-based DSD
(e.g., fd!0 and fv!0, the DSD will tend to zero), the model
parameter q is taken as 4, 1.5, and 1.4 for binary, ternary,
and quaternary breakages, respectively.

As shown in Figure 12a, the proposed model predicts a
maximal probability of equal-sized binary breakage, and the
DSD tends to 0 when fd!0 or 1. Moreover, the trend pre-
dicted by the proposed model seems consistent with experi-
mental data as a whole. The model of Luo and Svendsen14

predicts a maximal probability of unequal-sized binary
breakage, while the models of Coulaloglou and Tavlarides,7

Mart�ınez-Baz�an et al.,13 and Diemer and Olson28 can also
predict a maximal probability of equal-sized breakage, but
the maximum seems much higher than or much smaller than
the experimental data. Notice that the DSD model of
Mart�ınez-Baz�an et al.13 was derived from the breakage of
gas bubbles, but it has also been applied to liquid–liquid sys-
tems in recent years.

For ternary breakage, Mart�ınez-Baz�an et al.13 assumed
that a fluid particle breaks into one daughter fluid particle
and other two identical daughter fluid particles. The pro-
posed model is compared with the experimental data and the
models of Konno et al.,23 Mart�ınez-Baz�an et al.,13 and
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Diemer and Olson28 (please see Figure 12b). The DSD pre-
dicted by the model of Konno et al.22 nearly tends to 0
when fd is smaller than about 0.38, and the model of Diemer
and Olson27 gives the similar trend when fd is smaller than
about 0.16. The models of Konno et al.23 and Diemer and
Olson28 predict much higher peak values and the narrower

profiles of DSD in comparison with the experimental data.
The model of Konno et al.23 does not contain any unknown
parameter and can be applied directly. The distribution pre-
dicted by this model appears explicitly independent on the
underlying turbulence and the surface tension. The model of
Mart�ınez-Baz�an et al.13 and the proposed model predict a
maximal probability of forming one daughter droplet of
small size and other two large droplets of comparable sizes
(i.e., fd�0.73).

For quaternary breakage, the proposed model is compared
with the experimental data and the model of Diemer and
Olson28 in Figure 12c. The model of Diemer and Olson28

predicts a maximal probability of equal-sized breakage (i.e.,
fd�0.63), and the predicted profiles obviously underestimate
the distribution when fd<0.3. The proposed model predicts a
quite even distribution when fd varies from 0 to 1, which
shows a reasonable agreement with the trend given by the
experimental data of Zaccone et al.22

It should be pointed out that the other process for quater-
nary breakage is also likely. Namely, after parent droplet
becomes a complex and deformed body, the body is likely
split into two intermediates of equivalent sizes dIn,1 and dIn,2

first, and then one of them (dIn,1) breaks into two daughter
droplets of sizes d1 and d2, the other (dIn,2) breaks into two
daughter droplets of sizes d3 and d4. The breakage constraint
of this process is somewhat different from the constraint of
Eqs. 19 and 20, namely

Dke � max Dse;In;1;Dse;In;2

	 

2Dse;0

� �
1 max Dse;1;Dse;2

	 

2Dse;In;1

� �
1 max Dse;3;Dse;4

	 

2Dse;In;2

� � (45)

eðkÞ � pd2
0rffmax½ðfv;11fv;2Þ21=3; ðfv;31fv;4Þ21=3�2Sdg

1C	q½maxðfv;121=3; fv;2
21=3Þ2ðfv;11fv;2Þ21=3

1maxðfv;321=3; fv;4
21=3Þ2ðfv;31fv;4Þ21=3�g

(46)

where Sd ¼ S= pd2
0r

	 

, fv,4=12fv,12fv,22fv,3.

Note that in the above breakage process, the daughter
droplets of sizes d1 and d2 (or d3 and d4) are statistically
indistinguishable each other since they are formed by the
same process, d1 and d3 are statistically distinguishable each
other, d1 and d2 can be statistically exchanged with d3 and
d4 as a whole since they are formed by the similar process.
Thus, unlike Eqs. 32 and 33, u4(fv, V0) is calculated byÐ 12fv

0

Ð 12fv2fv;2
0

/4=2ð Þdfv;3dfv;2(where the factor 1/2 takes into

account that the integrand /4 is symmetrical with
fv,3=(12fv,12fv,2)/2 since the size fractions of fv,3 and fv,4 are
statistically exchangeable each other) and X4(V0) is calcu-

lated by
Ð 1

0
u4 fv;V0

	 

dfv


 �
=2 (where the factor 1/2 takes into

account that the breakages will be counted twice when over-
all frequency X4(V0) is calculated). The diameter-based DSD
is calculated by Eq. 44, but b4(fd, d0) appearing in this equa-

tion is calculated by
Ð ð12fd

3Þ1=3

0

Ð ð12fd
32fd;2

3Þ1=3

0
/4=2ð Þdfd;3dfd;2,

/4 is calculated by Eq. 27.
Furthermore, we find that the breakage frequencies and

DSDs predicted by Eqs. 33 and 44 adopting the two con-
straints (i.e., Eqs. 20 and 46) are close in values each other
when Cq* and Cq (appearing in Eq. 20) are taken as two
comparable values, that is, 0.08 and 0.11, respectively.

Figure 12. Comparison of the results predicted by dif-
ferent DSD models and the experimental
data (fd=d/d0, e=20 m2 s23, lc=0.001 Pa s,
ld=0.0019 Pa s, qc=1000 kg m23, qd=760 kg
m23, r=0.002 N m21, Oh<0.05, hmin<0.0012).

(a) Binary breakage; (b) ternary breakage; and (c)

quaternary breakage. [Color figure can be viewed in

the online issue, which is available at wileyonlineli-

brary.com.]
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Please see the example shown in Figure 13. It implies that
the two constraints have the similar effects on the breakage
frequencies and DSDs when parent droplet experiences a full
deformation. Thus, in this work, we adopt the constraint of
Eq. 20 to model the quaternary breakage.

Comparison with the experimental data and other
models: PBE

To our knowledge, there are two methods to validate the
breakage models in the literature. The one is the direct com-
parison of the predicted breakage frequency or DSD with the
experimental data. The other is to couple the breakage model
with PBE to predict the evolution of size distribution of
droplets. The first method has been adopted in the above
sections, now the second method will be used to further test
the proposed model.

Konno et al.23 measured the cumulative size distributions of
water o-xylene-CCl4 system in a stirred tank with a Rushton tur-
bine, and ad was kept below 0.2%. Therefore, the evolution of
size distribution of droplets can be predicted by the breakage
model coupled with PBE since ad is very low and the coalescence
of droplets can be neglected. Then, the PBE can be simplified as

@n V; tð Þ
@t

¼
ð
RV

m V0ð Þb0 V;V0ð ÞX V0ð Þn V0; tð ÞdV02X Vð Þn V; tð Þ

(47)

where n(V, t) is the number of droplets of volume V at a
given time t, m(V0) is the mean number of daughter droplets,

and m(V0)b0(V,V0) is called the redistribution probability
function.5 Notice that m(V0)b0(V,V0) can be obtained by
b(fv,V0)/V0, here b(fv, V0) is given by Eq. 35, X(V0) and
X(V) are obtained by Eq. 34. According to Kumar and
Ramkrishna,53 Eq. 47 can be written as

dNi tð Þ
dt
¼
XM

k¼i

Ti;kXkNk tð Þ2XiNi tð Þ (48)

Ti;k ¼
ðxi11

xi

xi112V

xi112xi
b0 V; xkð ÞdV1

ðxi

xi21

V2xi21

xi2xi21

b0 V; xkð ÞdV

(49)

where, i denotes the ith size group of droplets,
Ni tð Þ ¼

Ð Vi11

Vi
n V; tð ÞdV, Eq. 48 can be solved by numerical

method of Runge-Kutta.
Moreover, the mean number of daughter droplets could be

obtained from the mass conservation of multiple breakages.
That is

m V0ð Þ
ð1

0

fvb fv;V0ð Þdfv ¼ 1 (50)

In Figure 14, the experimental data at 0.5 min are used as
the initial condition, and the sizes of droplets (ca. 10–300
lm) are divided into 61 size groups for PBE. In Figure 15,
the experimental data at 3.0 min are used as the initial con-
dition, and the sizes of droplets (ca. 10–500 lm) are also
divided into 61 size groups for PBE.

Note that, in stirred tank, the turbulence level in the dis-
charge flow region (including the region close to impeller in
this work) is usually much higher than that in the circulation
flow region. The turbulence in the discharge flow region
may be mainly responsible for the breakage of droplets.8

Therefore, the turbulent dissipation rate in this region needs
to be used for PBE. We adopt the relation given by Placek
and Tavlarides,54 ed/em�5.16 for Dim/DT=1/2, to estimate the
mean turbulent dissipation rate ed in the discharge flow
region. Here, em denotes the mean turbulent dissipation rate
over the whole stirred tank. This relation was also adopted
by Tsouris andTavlarides.8 In the experiment of Konno
et al.23 (DT=0.3 m, lc=0.001 Pa s, qc=1000 kg m23,
qd=1040 kg m23, r=0.034 N m21), em �1.6 m2 s23 when
Nim=257 rpm in Figure 14 and em �0.22 m2 s23 when
Nim=131 rpm in Figure 15.

Notice that the relation of ei � 4:0N2
imD2

im mentioned
before seems not suitable to these cases since the discharge
flow region is much wider than the region near the impeller
blade. As mentioned before, in the experiment of Maaß and
Kraume,10 the breakage cell was mainly used to represent
the turbulent flow close to impeller blade.

Figures 14 and 15 show the comparison of the predicted
cumulative volume fraction distributions (i.e.,
F V; tð Þ ¼

Ð V
Vmin

tn t; tð Þdt, t denotes the volume of droplet in
the region of (Vmin, V), V�Vmax) and the experimental data
of Konno et al.23 As a whole, the model of Luo and Svend-
sen14 underestimate the distributions. But for the droplets of
small size, the model of Luo and Svendsen14 seems to over-
estimate the distributions. Notice that, the original lower and
upper integral limits in the model of Luo and Svendsen14 are
11.4g;31.4g and d0, respectively. But it means that the
breakage frequency may be negative since the droplets of
size d0 (10–300 lm in Figure 10 and 142500 lm in Figure
15) are quite likely smaller than the eddies of size

Figure 13. Effect of two different processes on DSD
and breakage frequency for quaternary
breakage (lc=0.001 Pa s, qc=1000 kg m23).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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11.4g231.4g (i.e., 213–586 lm in Figure 14 and 349–961
lm in Figure 15) Thus, the lower integral limit for the model
of Luo and Svendsen14 is adjusted as g (g�18.7 lm in Fig-
ure 14 and g�30.6 lm in Figure 15).

It should be pointed out that, in Figures 14b and 15b, the
original values of C1 and C2 in the model of Coulaloglou
and Tavlarides7 are used. In PBE, b0(V,V0) proposed by Cou-
laloglou and Tavlarides,7 that is, 2:4expð24:5ð2V2V0Þ2=V2

0Þ
=V0 is coupled with their breakage frequency model. As

shown in Figures14 and 15, the cumulative volume fractions
predicted by the proposed model show an agreement with
the experimental data. As a whole, the model of Luo and
Svendsen13 underestimates the breakage frequencies of drop-
lets for the experiment system of Konno et al.,23 therefore,
the cumulative volume fraction predicted by this model is
also underestimated. But the model of Coulalologlou and

Figure 14. Comparison of the cumulative volume frac-
tion predicted by different models and the
experimental data of Konno et al.23

(ed=8.26m2 s23, lc=0.001 Pa s, ld=0.0008 Pa
s, qc=1000 kg m23, qd=1040 kg m23, r=0034
N m21, DT=0.3 m, Nim=257 rpm, Oh<0.04,
hmin<0.0008).

(a) This work; (b) the model of Coulaloglou and Tav-

larides7; and (c) the model of Luo and Svendsen.14

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
Figure 15. Comparison of the cumulative volume frac-

tion predicted by different models and the
experimental data of Konno et al.22

(ed=1.14 m2 s23, lc=0.001 Pa s, ld=0.0008 Pa
s, qc=1000 kg m23, qd=1040 kg m23, r=0.034
N m21, DT=0.3 m, Nim=131 rpm, Oh<0.04,
hmin<0.0013).

(a) This work; (b) the model of Coulaloglou and Tav-

larides7; and (c) the model of Luo and Svendsen.14

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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Tavlarides7 seems to overestimate the cumulative volume
fraction when t<30.0min. The results predicted by the mod-
els of Mat�ınez-Baz�an et al.,12,13 Lehr et al.,16 and Zhao and
Ge19 are not shown in Figures 14 and 15 as the predicted
breakage frequencies are very low or negative in the experi-
mental conditions of Konno et al.23

Conclusions

An improved mathematical model for multiple break-
ages (i.e., the main binary, ternary and quaternary break-
ages) of low viscous droplets has been developed, which
can be coupled with the wide energy spectrum (i.e., Eq.
7). In this model, the effects of the underlying turbulence,
the parent droplet size, the energy spectrum distribution
on breakage frequency and DSD were considered. Further-
more, the surface oscillation resulting from the previous
interactions between the droplet and the eddy has been
considered. An analytical expression for estimating the
surface oscillation was presented to describe the mean
shape of parent droplet based on the interaction forces
(e.g., the turbulent fluctuation pressure and surface tension
force) between the droplet and the surrounding fluid. The
effect of this oscillation on the constraints of multiple
breakages and the collision frequency density has also
been accounted for in this work.

The wide energy spectrum distribution was found to have
an important effect on the nonmonotone behavior of break-
age frequency with increasing d0. The wide energy spectrum
can distinguish the dissipation range, the inertia subrange
and the energy containing range. The breakage frequency
predicted by the proposed model coupled with the wide
energy spectrum increases to a maximum and then decreases
with increasing d0. While ESIS will monotonously increase
with decreasing k when it is used to cover the size range of
eddies contributing to the breakage (i.e., k�11.4–31.4g, this
method was usually adopted by the previous models). The
breakage frequency predicted by the proposed model coupled
with ESIS monotonously increases with increasing d0.

As a whole, the breakage frequencies predicted by this
model coupled with the wide energy spectrum showed a
good agreement with the experimental data of Maab and
Kraume,10 Eastwood et al.,24 and Andersson and Ander-
sson.47 Furthermore, the DSDs of binary, ternary and quater-
nary breakages predicted by the proposed model can give a
relatively reasonable agreement with the experimental data
of Zaccone et al.22 The cumulative volume fractions pre-
dicted by PBE coupled with this model also showed a good
agreement with the experimental data of Konno et al.23 as a
whole.

Further work, such as the effect of viscosity of dispersed
phase should be considered for high viscous system and the
turbulence structure of energy containing range should be
studied in depth, and the improved experimental studies are
also needed.
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Notation

A = velocity amplitude of eddy, m s21

Ax = amplitude of surface oscillation, m
a, b = semiaxses of an ellipsoidal droplet, m

a0, b0 = semiaxses of an oval collision cross section, m
b(d0) = breakage frequency of droplet of size d0, (=X(V0)/ nd),

s21

b*(d0) = specific breakage frequency of droplet of size d0,
(=X(V0)/ [(12ad)nd]), s21

bn(fd, d0) = diameter-based function representing the breakage of
droplet with size d0 at which at least one of size frac-
tions of the daughter droplets equals to fd

C = Kolmogorov constant
C0, C1, C2, C3 = coefficients

Ct = deformation factor of intermediate in ternary breakage
Cq = deformation factor of intermediate in quaternary

breakage
Dim = diameter of impeller, m
Dke = energy density of parent droplet, J m23

Dke,critical = critical energy density of parent droplet, J m23

Dse,0 = surface energy density of parent droplet, J m23

Dse,In = surface energy density of intermediate in ternary or
quaternary breakage, J m23

Dse,i = surface energy density of daughter droplet i (i=1, 2, 3,
4), J m23

DT = diameter of stirred tank, m
d = general diameter of droplet, m

d0 = diameter of parent droplet, m
dc = diameter of droplet having the maximal breakage fre-

quency, m
dIn,i = diameter of intermediate in ternary of quaternary

breakage, m
di = diameter of daughter droplet (i=1, 2, 3, 4), m

E(k) = the energy spectrum distribution function, m2 s23

e(d0) = kinetic energy of parent droplet of size d0, J
e(k) = kinetic energy of eddy of wave number k, J
e(k) = kinetic energy of eddy of size k, J

eavailable(k) = available energy of eddy of wave number k for break-
age, J

ecritical,n = critical energy required for breakage of forming n
daughter droplets, J

eD = critical energy determined by the constraint of surface
energy density increase, J

eS = critical energy determined by the constraint of surface
energy increase, J

�e(k) = mean kinetic energy of eddy of wave number k, J
êk;k1dk = turbulent kinetic energy per unit mass contained in

eddies of wave number between k and k1dk, J
F(V, t) = cumulative volume fraction distribution

Fp = turbulent fluctuation pressure, N m21

fv, fd = general daughter droplet size factions, V/V0 and d/d0,
respectively

fv,i, fd,i = daughter droplet size factions, Vi/V0 and di/d0 (i=1, 2,
3, 4), respectively

fv,min, fv,max = the maximal and minimal daughter droplet size factions
in the model of Wang et al.,1 respectively

h = parameter in Eq. 32
k = wave number, m21

kmin, kmax = wave numbers of the largest eddy(e.g., Dim) and the
smallest eddy existing in the flow, respectively, m21

l = parameter in Eq. 32
m(V0) = mean number of daughter droplets
Ni(t) = number of droplets per unit volume of physical space

in the ith size group at a given time t, m23

Nim = rotational speed of impeller, rpm (rev min21)
nd = number density of droplets per unit dispersion volume,

m23

nk = number density of eddies of wave number between k
and k1dk, m22

n(V, t) = number of droplets of volume V per unit volume of phys-
ical space per unit droplet volume at a given time t, m26

nk = number density of eddies of size between k and k1dk, m24

Oh = Ohnesorge number (=ld/(qdd0r)1/2)
P(k, a, b) = probability for droplet to break into n daughter droplets

when an droplet of semiaxses a and b interacts with an
eddy of wave number k
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P(k, d0) = probability for droplet to break into n daughter droplets
when a droplet of equivalent size d0 interacts with an
eddy of wave number k

r = distance from the centroid of eddy, m
r0 = radius of droplet, m
S = surface area of a droplet, m2

Sab = collision cross-sectional area between an droplet with
semiaxses a and b and an eddy of wave number k, m2

Sd = shape factor
t = time, s

T = period of surface oscillation of a droplet, s
u = velocity in a turbulent eddy, m s21

uc = critical eddy velocity required for fluid particle break-
age, m s21

ue = eddy velocity, m s21

uk = velocity of an eddy of wave number k, m s21

uk = velocity of an eddy of size k, m s21

�u = mean velocity at a distance of d0 in an eddy, m s21

�u(d0) = mean velocity fluctuation of the underlying fluid at a
distance of d0, m s21

�uk = mean velocity of eddy of wave number k, m s21

�us = mean characteristic velocity of surface oscillation,
m s21

�uk = mean velocity of eddy of size k, m s21

V = volume of droplet, m3

Vi = volume of daughter droplet, m3

V0 = volume of parent droplet, m3

Vmin = minimal volume of droplet, m3

X = distance from the initial position of the surface, m
y(t) = dimensionless variable (=y0(t)/r0)
y0(t) = distance from the initial position of mass center of half

droplet, m

Greek letters

ad = volume fraction of dispersed phase
b1, b2 = coefficients

bi = breakage rate defined by Prince and Blanch,11 s
b(fv, V0) = volume-based DSD probability density of forming

droplets sizes of fvV0 and other daughter droplets
bn(fd, d0) = DSD probability density of forming n daughter drop-

let (n=2, 3, 4) where at least one of the size frac-
tions of daughter droplets equals to fd

e = turbulent dissipation rate per unit mass, m2 s23

ed = turbulent dissipation rate per unit mass in the dis-
charge flow region, m2 s23

ei = turbulent energy dissipation rate per unit mass of
impeller region, m2 s23

em = mean turbulent dissipation rate per unit mass over
the whole stirred tank, m2 s23

g = Kolmogorov scale, m
hmin = product of kmin and Kolmogorov scale

k = eddy size, m
ke = average size of energy-containing eddies, m

kmin, kmax = minimal and maximal eddy size, respectively, m
lc = viscosity of continuous phase, Pa s
ld = viscosity of dispersed phase, Pa s
m = kinematic viscosity, m2 s21

qc = density of continuous phase, Pa s
qd = density of dispersed phase, Pa s
r = surface tension, N m21

# = dimensionless energy
#c,n = critical dimensionless energy required for the break-

age of forming n daughter droplets
�d = mean amplitude of surface oscillation, m
se = characteristic time of eddy of wave number k, s21

/n = breakage frequency density of a droplet of size d0

breaking into n daughter droplets (n=2, 3, 4) with a
given fv, m23 s21

un(fv,V0) = partial breakage frequency density of a droplet of
volume V0 breaks into n daughter droplets where at
least one of the daughters volumes equals to fvV0

(n=2, 3, 4), m23 s21

w(fv,V0) = overall partial breakage density of a droplet of vol-
ume V0 of a given size fraction fv, m23 s21

X(V0) = overall breakage frequency density of droplet of vol-
ume V0, m23 s21

Xn(V0), Xn(a, b) = overall breakage frequency density of droplet of vol-
ume V0 or an ellipsoidal droplet with semiaxses a
and b breaking into n daughter droplets (n=2, 3, 4),
m23 s21

-(k, d0) = frequency density of eddies of wave number k and
k1dk and droplets of size d0, m22 s21

-collision(k, d0) = collision frequency density of eddies of wave num-
ber k and k1dk and droplets of size d0, m22 s21

-interaction(k, d0) = interaction frequency density of eddies of wave
number k and k1dk and droplets of size d0,
m22 s21

-*collision(k, d0) = specific collision density of eddies of wave number
k and k1dk and droplets of size d0 (=-collision(k,
d0)/[(1-ad)nd]), m s21

-*interaction(k, d0) = specific interaction density of eddies of wave num-
ber k and k1dk and droplets of size d0 (=- interac-

tion(k, d0)/[(1-ad)nd]), m s21
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